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Abstract

We describe features of inverse problems and illustrate them with simple examples. The
focus is on the main concepts and caveats rather than mathematical detail. Proper ties
of linear and nonlinear inverse problems are discussed, and the effect of non-uniqueness
highlighted. Iterative algorithms for nonlinear problems are brie� y intr oduced and com-
ments on their perf ormance inc luded. Full y nonlinear direct search algorithms are also
mentioned. An example is given in whic h the perf ormance of a direct search and an itera-
tive optimization algorithm is compared.
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Intr oduction

Scienceis drivenby thefeedbackbetweenpredictionsandobservations.Mostof ourknowledgeof theEarth's interior
comesfrom analyzingdatacollectedat thesurface.Thereforeobservationsarealmostalwaysof anindirectnature,and
thereexistsan`inverse'problemto extractinformationaboutthedeepinterior, e.g.by building animageand”seeing”
into theEarth. Our understandingof all major featureswithin the Earth,suchasthecrust,mantle,liquid outercore
andsolid innercore,aswell asthemostdynamicpartsof the interior suchassubductionzonesandmantleplumes,
cameaboutfrom thestudyof indirectmeasurementsmadeat thesurface.Indirectdata,suchasseismic,magneticand
gravity surveysarealsoakey tool in thesearchfor hydrocarbondepositsaswell asin understandingthecontemporary
plate tectonicenvironment,which helpsquantify the risk earthquakesandothernaturalhazardsposeto population
centresandinfrastructure.A key question,which is frequentlyaskedis `How do we extractreliableinformationfrom
multi-facetedandcomplex geophysicaldatasets?' and`What con�dencecanbe placedin conclusionsdrawn from
thosedatasets?'. As in many areasof thesciences,thedif�culty liesasmuchin �nding theright questionsto ask,asin
�nding answers.Inversetheoryis thenamegivento thestudyof extractinginformationfrom indirectmeasurements.It
providesanincompletesetof mathematical,statisticalandcomputationaltechniquesfor solvingsuchproblems.This
articlewill explain somebasicconcepts,describepopulartrends,andhopefullyencouragethereaderto look further
into thesubject.

Inverse problems

Inverseproblemsare not restrictedto the geo-sciencesandarisein nearly all scienti�c disciplines(althoughoften
underdifferentnames),indeedanywherethatdataonly indirectly constrainquantitiesof interest.An incompletelist
includesmedicalimaging,astronomy, engineering,remotesensing,oceanography, environmentalscienceandmore
recentlybio-informatics.Thedevelopmentof practicalandrobustschemesfor analyzingindirectdatais thereforeof
majorconcernin thephysicalsciences.Sincetheearthsciencesis a naturallaboratoryfor thestudyof dif�cult data
analysisproblems,it formsanimportantcruciblefor thedevelopmentof inversiontechniquesthatcanthenbeapplied
to other�elds. A goodexampleis helio-seismology, a techniquefor imagingtheinteriorof thesunusingobservations
in intensity�uctuationscausedby sunquakes.Thedevelopmentof this �eld in the1990s,wasapparentlyinspiredby
geophysicistsuseof long periodseismicsurfacewavesandfreeoscillationsto imagetheouterportionsof theEarth,
a processknown asseismictomography. (Note the geophysiciststhemselvesstole the ideaandthe namefrom the
physicswhopioneeredmedicaltomographyin theearly1960sand1970s).



Inversiontechniquesareoftenusedin caseswherea largeamountof dataareavailable.In many areasof thephysical
sciencesboth the quantityandquality of datahasgrown rapidly over thepastfew years.We now standat a unique
point in historywhereadvancesin instrumentation,digital storagecapacityandcommunicationspeed,have increased
our ability to collectanddisseminatedataat ratesneverbeforeseen.In theearthscienceswe arenow ableto measure
theageof thesmallestfragmentof a rock with high precision;aswell asrecordtheprecisemotionsof tectonicplates
onaglobalscale.A studentcansit in almostany partof theworld anddownloadhigh �delity recordingsof earthquake
seismogramswithin hoursof theeventhappening.

Linear problems

In thegeoscienceslinearinverseproblemswerethe�rst to bestudiedin detail.A linearinverseproblemariseswhenthe
mathematicalrelationshipbetweenobservables(e.g.electromagneticmeasurementsmadein anaircraft)andunknowns
(e.g. subsurfaceelectricalconductivity structureof theEarth)arelinear, or assumedto belinear. Pioneeringwork on
linear inverseproblemswascarriedout by BackusandGilbert (1967,1968,1970). They consideredlinear inverse
problemsin their mostgeneralform, with theunknownsrepresentedby continuousfunctionsof space,ratherthana
discretesetof parameters.They broke inverseproblemsup into two parts,known astheexistenceproblem`Doesany
modelexist which �ts theavailabledata?', andtheuniquenessproblem`If so,how uniqueis thatmodel?'. Backus
andGilbert showedthatthereexistsa fundamentaltrade-off betweenthemodelvariance(theerrorin unknown model
valueatany point in amedium)andthemodelresolution(thedegreeto whichthespatialaveragingor blurringoccurs).
In additionmany inverseproblemswererecognizedasnon-unique,meaningthatanin�nite classof solutionsexist,
each�tting thedataequallywell. Withoutextradataor introducingnew assumptionsthereis noreasonwhy onesingle
modelshouldbe preferredover any other. A classicpaperwhich explainsthe essentialpropertiesof linear inverse
problemsis Parker (1977).

A discrete inverse problem

A numberof generalconceptscanbeillustratedwith a simplediscretelinear inverseproblem,suchasseismictravel
time tomography. Figure1 shows an example. In Figure1a we have a single seismicray passingthrougha two
parameterblock model. The unknownsarethe changesin slownesses(reciprocalof seismicvelocity) in the blocks
from a homogeneousslownessmodel (� S1; � S2). The singledatum,� t1, is the differencebetweenthe observed
travel time of therayandthatcalculatedin thereference(homogeneous)slownessmodel.Thequestionis canwe �nd
theslownessesin theblocks? Linearizationof theseismictravel timeequationgives

� t1 = l1� S1 + l2� S2; (1)

wherel j is the lengthof theray in the j-th block. Clearlywe have onelinearequationandtwo unknowns,andhence
nouniquesolution.In factthereis acompletetrade-off betweentheslownessvariables,andonly theaverageslowness
of the two blocks is constrainedby the data. Super�cially the situationin Figure1b looks muchbetter, but this is
deceptive. Regardlessof thefact thatwe now have many raystraversingtheblocks,it' s straightforwardto show that
eachraycontributesanequationwhich is just ascalarmultipleof (1). Hencewereally still haveonly oneindependent
equation,eventhoughwenow havemany rays.If thedataareerrorfreethesituationin Figure1b is identicalto thatin
Figure1aandnoextra informationis present.(Note: If thedatacontainednoisethentherewouldbeabene�t from the
averagingeffectof therays,but theagainonly theaverageslownesswouldbeconstrained.)Thesituationin Figure1c
is entirelydifferent.Herewe have two equationsthatpassthroughdifferentsidesof theblocks.Hencetheratio of the
lengthsis no longerequal

l1
l2

6=
l3
l4

: (2)

This meansthat the two constraintequations,are linearly independent,and hencecan be solved uniquely for the
slownesses(� S1; � S2). Thesituationin Figure1d, is an improvementof 1c, in thatnow many raysfrom different
directionsarepresent.Herewe againcansolve for thetwo unknownsandwould belikely to do sowith lessvariance
in the modelparameterswhenthe datacontainednoise(againdueto the combinedeffect of the many rays). In the
parlanceof linear algebra,Figure1a and1b leadto an under-determinedlinear systemof equations;1c to an even
determined;and1d to anoverdetermined.In Figure1ewe have thesameraysasin 1d but have chosento usemore
blocksto representtheslowness�eld. Closeinspectionshowsthatall thepreviouscasesholdsimultaneouslyin 1eand
hencethis is what is known asa mixeddeterminedproblem,containingbothover andunderdeterminedparameters.
Comparing1d to 1e we seethat aswe seekto constrainslownessvariationsover shorterspatialscalesour model
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Figure1: A toy linear discreteinverseproblem,traveltimetomography. a)-d),showvariousnumbersandorientations
of rayspassingthroughtwoslownessblocks.e)showsthesameraysasin d) but with 32blocks.e) illustratesthetrade
off betweenspreadof modelresolution(inversecell size)andmodelvariance(noisein theestimatedslownesses).See
text for a discussion.

varianceincreases.This is becausewith noisydataeventhebestconstrainedslownessblocksin Figure1e will have
larger error thanthe two unknowns in 1d. Hencethereis a trade-off betweenmodelvariance(error) andspreadof
resolution(inverseof cell size). Figure1e illustratesthis trade-off, which is a generalpropertyof all linear inverse
problems.

This simple linear exampleillustratesmany importantconceptsof inverseproblems,namelythat the merenumber
of data is unimportant,but the (linear) independenceof the datamattersmost (c.f. Figures1a, 1b and 1c); that
non-uniquenessis often presentandparametrizationis a choice;that problemsareoften mix-determined;andthata
trade-off betweenresolutionandvariancecannotbeavoided.For discreteinverseproblemswith numbersof unknowns
lessthan103, it is practicalto calculatequantitieslike themodelcovariancematrix andthemodelresolutionmatrix,
whichcharacterizetheseproperties(seeMenke,1989;Tarantola,2005;Asteret al., 2005,for details).

Nonlinear inverse problems

A nonlinearinverseproblemariseswhenthe mathematicalrelationshipbetweenunknown modelanddatatakesthe
form

d = g(m) (3)

whereg(m) representsthe nonlinearforward model. This includesthe casewhereno analyticalexpressionfor the
forward problemexists, andg representsthe resultof an algorithmallowing datato be calculatedfor any given in-
put model. To estimatethe model m which generatedthe observations(3), the problemis often recastas one of
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Figure2: A leastsquaresdatamis�t for �tting of seismicreceiverfunctions.In each of thefour imagesthedatamis�t is
plottedasa functionof twoof thetwenty-fourparametersde�ning the1-D seismicwave-speedmodel.Themulti-modal
characterof thedatamis�t arisesbecauseof thenonlinearrelationshipbetweenmodelparametersanddata.

optimization.Speci�cally we seekthevectorm whichminimizes

� (m) = (d � g(m))T C � 1
D (d � g(m) +  (m) (4)

The �rst term is a leastsquaremeasureof datamis�t, with C � 1
D the covariancematrix for the dataerrors(Menke,

1989). Thesecondis a regularizationtermdesignedto penalizeextravagantmodels.Theparticularform of  (m) is
subjective. Its role is to encourage,but not alwaysguarantee,a uniqueglobalminimumfor � (m). Commonchoices
area quadraticdifferenceto a referencemodel,a derivative operatorto penalize�rst or secondspatialderivatives,
(e.g. for the casewhenm representsa scalar�eld of somephysicalquantity);or a combinationof all three. Many
inverseproblemsin thegeosciencesarenonlinear. Figure2 showsanexamplefrom seismicreceiverfunctioninversion
(Ammonetal.,1990;Shibutanietal.,1996).Thefour surfacesrepresenttheleastsquaresdatamis�t betweenpredicted
andobservedreceiverfunctions(cf. thedatatermin (4)),plottedasafunctionof two modelparameters.Herethemodel
representstheshearwave-speedasa functionof depthin theEarth'scrustanduppermantle.Notethatthesurfacesare
far from quadratic,indicatingseverenonlinearity. They alsoshow multi-modalitymakingoptimizationdif�cult.

Thesimplestwayof dealingwith nonlinearinverseproblemsis to linearizethemaboutsomereferencemodelm o using
a Taylorexpansion.This leadsto

� d = G� m (5)

where� d is thedifferencebetweentheobserveddataandthepredictionsfrom thereferencemodel(d � g(m o)); � m
is theperturbationto thereferencemodel,m o, andG is a matrix of derivativesof predictionswith respectto model
parameters.Oncethis approximationhasbeenmade,linear inversetheorycanbe usedin an iterative fashion. For
example,if theregularizationtermin (4) wereasimpledampingto a referencemodelwehave

 (m) = (m � m o)T C � 1
M (m � m o); (6)

whereC � 1
M is a model covariance(weight) matrix. Then the well known dampedleastsquaresiterative algorithm

results
� m = (GT C � 1

D G + C � 1
M )� 1GT C � 1

D � d: (7)

Fromthepointof view of minimizing (4), thealgorithmin (7) is equivalentto approximatingthemis�t function� (m)
with a local quadraticsurfaceandmoving to its minimum. Repeatediterationsmayconvergeto a minimum of � or
not,dependingon thestartingpoint of theprocess.Figure3 showsanexample.In theleft panelthestartingpoint lies
in thebasinof a broadminimumandrepeatedquadraticapproximationswill guidethesolutionto it. In theright hand
panelthe startingpoint lies outsideof the basin. In this casean iterative optimizationalgorithmis likely to diverge



or �nd a secondaryminimum. Iterative linearizationalgorithmsalwayssuffer from this typeof problem.The�eld of
gradientbasedoptimization(e.g.Gill et al., 1981)hasmany techniquesfor dampingandstabilizingsuchalgorithms,
but ultimately thesemethodsbecomeineffective as the problembecomesmore nonlinear, or indeedwhen surface
derivatives(determinedby theG matrix) areunavailable.

Parameter search and ensemb le inf erence

In theexamplespresentedwe have seentwo importantpropertiesof many inverseproblems,namelynon-uniqueness
and non-linearity. Thesetogetherwith the presenceof noisein the datatell us that it is much more importantto
characterizetherangeof acceptablesolutionsthan�nding a singlebestdata�tting model. (Eventhough,aswe have
seen,in nonlinearcasesit may be dif�cult to even �nd bestdata�tting models.)Figure3 illustratesthe casewhere
multiple classesof solutionexist, each�tting thedataadequately. If thesearedisconnectedasin theillustration,then
no linearizediterative inversionalgorithmwill �nd morethanoneclassof solutionat any onetime.

Oneapproachin thesecircumstancesis to avoid all linearizingapproximationsentirelyanduseonlyensembleinference
approaches,i.e. onesbasedon directly searchinga parameterspace(without makinguseof derivatives). If a `good'
sampleof data�tting modelscanbe generatedthenconclusionscanbe drawn on propertiesof themall, ratherthan
the best�t model. This requiresrepeatedtestingof potentialsolutions,often requiring adaptive, i.e. nonuniform
randomizedsamplingof a multi-dimensionalparameterspace.A convenientway to view ensembleinferenceis in
termsof a two stepapproach,consistingof a searchstage,wheremodelsare generatedand the forward problem
repeatedlysolved,andanappraisalstage,whereinferencesaredrawn from thecompleteensembleof modelsobtained
(SniederandTrampert,1999).

Figure3: Bothviewsshowa linearizedapproximationto anobjectivefunctionarising in a nonlinearinverseproblem.
Thequadratic (tangent)approximationin theleft handcase(a) liesin thebasinof theglobalminimumandaniterative
linearizedinversionalgorithmis likely to converge to thedeepwell to theright. In theright handcasethequadratic
approximationlies outsidethebasinof theglobal minimumanda linearizedinversionalgorithmis likely to fail. This
illustratesthedependenceof linearizedoptimizationalgorithmson thestartingmodel.

In thesearchstage,analgorithm(basedon multi-dimensionalrandomwalks)is oftenusedto collectsamples,andthe
predictionsof themodelsarecomparedto thedata.In many casesthesearchprocessis adaptive, i.e. it makesuseof
samplescollectedto guidethesearchfor new models.Clearly, thereis astrongconnectionwith optimizationproblems,
andindeedmany directsearch(i.e. non-derivativebased)optimizationalgorithmshavebeenusedassearchalgorithms
in inverseproblems.ExamplesincludeSimulatedAnnealing(Kirkpatrick et al., 1983;MosegaardandVestergaard,
1991; Koren et al., 1991; Senand Stoffa, 1991), Geneticalgorithmsand Evolutionary Programming(Fogel et al.,
1966;Holland,1975;SenandStoffa, 1991;SambridgeandDrijkoningen,1992),andthe Neighbourhoodalgorithm
(Sambridge,1999).

In the appraisalstagethe objective is to make useof the completeensembleof parameterspacesamplesto draw
inferencesfrom thedata. Of course,the degreeto which this canbe sensiblydonedependscrucially on the type of
samplingperformedduringthesearchstage.If anoptimizationalgorithmhasbeenusedin thesearchstageto minimize



 

Figure4: An ensembleof solutionsto an inverseproblem. Each sphere representsa threeparametermodelwhich
satis�es the correspondingdata to an acceptablelevel (given the noise). The �gur e illustratesthe situation in a
nonlinearinverseproblemwhere disconnectedislandsof solutionscanexist in parameterspace, each representinga
differentclassof solution.

a datamis�t function, thenthe temptationis often to selectthebestdata�tting modelonly andexamineit in detail.
However, this is almostalwaysinsuf�cient becauseof thenoisein thedataandthenon-uniquenessof theunderlying
inverseproblem.Evenwithin a�nite dimensionalparameterspaceoneusually�nds thatif onemodel�ts thedatato an
acceptablelevel (giventhenoise),thenanin�nite numberwill, andsothebestdata�t modelmaywell bemisleading.

An alternative to takingsingle`best�t' modelsis to try andcharacterizethesubsetof dataacceptablemodelsin the
collectedensemble,which may be useful if the searchalgorithmhassuf�ciently exploredthe parameterspace.For
exampleonecouldtry anddetectproperties,or features,whichall dataacceptablemodelsshare,e.g.oneswhichhave
the leaststructure,or canbeboundedby somemodelproperty. This extremalmodelapproachwas�rst proposedby
Parker (1977)in thecontext of nonlinearinverseproblems,andcanalsobeapplieddirectly to theappraisalproblem.
Summariesof approachesusedin thegeosciencescanbefoundin SenandStoffa (1995);MosegaardandSambridge
(2002).

As the parameterspacesget large direct searchtechniquesloosetheir appealandbecomeimpractical,becausethe
spacebecomesextremelylarge.To getanideaof how rapidly thesizeof aparameterspacegrowswith dimension,it is
soberingto considera simplethoughtexperiment.Imaginewehave just a two dimensionalparameterspace,andwant
to generateat leastonemodelin eachof thefour quadrants,i.e. north-east,south-east,etc. Theminimumnumberof
samplesneededis obviously four. Apply thesameideato a d dimensionalspace,we seethat thereare2d, analogous
`quadrants'.For a threeparameterspacethis givestheexpectedvalueof eight. For a tenparameterproblemthereare
over a thousandcornersto every unit cube,for twentyparametersthis is over a million andfor thirty parametersit' s
overabillion. Thecurseof dimensionalityalwaysgetsyou in theend!

Sincethecomputationaleffort of directsearchinversionwill scalelinearlywith thecostof solvingtheforwardproblem
it becomesincreasinglydif�cult to adequatelysamplehigherdimensionalspaces.In caseswheretheforwardproblem
is complex, requiringadvancednumericalsimulationtechniquesfor a singlesolution,direct searchtechniqueswill
quickly becomeprohibitive. Severeunder-samplingalwaysoccurs,andwe cannever be surethat thevastoceansof
unexploredparameterspacemight not containdataacceptablemodels,or even global minima. Neverthelessdirect
searchtechniquescanstill beusefulin moderatelysizedproblems(up to a hundredunknownsor so).

To illustratethein�uence of nonlinearityandtheneedfor derivative freesearchtechniques,we concludewith a com-
parisonbetweenthreealgorithmson theseismicreceiver functionproblem. Heretheobjective is to seekout at least
one(andpreferablymany) modelsthat satisfythe datato an acceptablelevel. Figure5 shows the resultsof an iter-
ative local optimizationalgorithm,Powell's directionsetmethod(seePresset al., 1992);a directsearchmethod,the
Neighbourhoodalgorithm(Sambridge,1999);andasimpleuniform randomsearch.
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Figure5: A comparisonbetween(a) an iterativeoptimizationalgorithm(Powell'smethod)which useslocal derivative
approximations,(b) a directsearch technique(Neighbourhoodalgorithm)which usesnoderivatives,and(c) a uniform
randomsearch. In each casethebest�t modelis showntogetherwith its correspondingreceiverfunctionwaveform.
Thesynthetic̀ observed'datawere generatedby thesametrue modelshownin the�gur es,with theadditionof corre-
latedGaussiannoise. Thespreadof themodelsgeneratedbyeach algorithmis representedby thebackgrounddensity
plot.

The �rst methodis local becauseit generatesestimatesof derivative informationof themis�t surfaceusingsolutions
to theforwardproblem. It worksby successively updatinga startingmodelin a perturbative fashion,andhaltswhen
themodelis no longerimproving thedata�t suf�ciently . Theuseof only local informationmakesit descendquickly
to a local minimum whereit getstrapped. The third methodis derivative free but makesno useof pastmodelsto
guidesampling. Henceit is robust againstentrapmentin secondaryminima, but very slow to converge. The direct
searchNeighbourhoodalgorithmalsoavoidsuseof derivativesbut is ableto make useof previoussamplingto guide
the search.This is achievedusinggeometricaltechniquesto adaptively partition the space.Like mostdirect search
algorithmsit performsbetterthantheothertwo classesof approachin thatit is ableto adaptsamplingin responseto the
characterof thevaryingmis�t function.Interestinglyenough,althoughtheiterativelocalsearchtechniqueis essentially
`downhill' it still requires22480evaluationsof themis�t surface(andhencesolutionsto the forwardproblem).This
is a signi�cant fraction of the 64128forward solutionsusedby both the Neighbourhoodalgorithmandthe uniform
MonteCarlosampling.Contraryto commonperceptions,techniquesusinglocal derivative information,eitherby way
of actualderivativecalculation(matrix G in (5), or by mis�t surfaceevaluations(asin Powell'sdirectionsetmethod),
canbesurprisinglycostly.

Anotherpotentiallyusefulfeatureof moderndirect searchtechniquesis that they canbe drivenby just a rankingof
themodelswith respectto complex criteria.Thismeansthatoneis not forcedto de�ne a scalarobjectivefunctionlike
(4) andthenrankwith respectto thesevalues(althoughthis is commonpractice).In principleany rankingcriteriacan
beused,evennon-differentiablefunctionsandhumandecisions(seeBoschettiandMoresi,2001). This is trueof the
Neighbourhoodalgorithmandsomeof themoremodernimplementationsof Geneticalgorithms.

Conc lusions

In this tutorialarticlewehavehighlightedsomeaspectsof inverseproblemsandillustratedthemwith simpleexamples.
Linearandnonlinearcaseshavebeendescribed,andpitfallsandperilshavebeentouchedupon.As theavailablecom-
putationalpowerhasgrown,muchattentionhasbeenfocusedonfully nonlinearproblemsanddirectsearchalgorithms.
However it mustbe rememberedthat the issuesof non-uniqueness,trade-offs, effect of datanoiseandin�uencesof
parametrizationchoicesarejustasrelevanttodayas30yearsagowhenthey were�rst explained.In theauthor'sview,
inverseproblemsareasmuchaboutaskingtheright questionsof a datasetthanbuilding a modelthat�ts it. After all,



asstatisticianSamuelKarlin put it `Thepurposeof modelsis not to �t thedatabut to sharpenthequestions'1.

This article hasnot mentionedthe probabilistic(Bayesian)approachto inverseproblemsthat is popularacrossthe
sciences. The subjectis discussedin detail by Tarantola(2005), and the readeris referedto that work for more
information. We hopethat this article is a usefulsummary. More extensive dicussionsappearin the major books
thathave beenpublishedon geophysicalinversetheory(seeMenke,1989;Parker,1994;Tarantola,2005;Asteret al.,
2005),whichpresentthesubjectfrom arangeof viewpoints.

Ackno wldgments

My thanksto Nick Rawlinsonwhoreadanearlierversionof this manuscriptandmadeusefulsuggestions.

References

C. J. Ammon,G. E. Randall,andG. Zandt. On thenonuniquenessof receiver functioninversions.J. Geophys.Res.,
95:15,303–15,318, 1990.

R. Aster, B. Borchers,andC. H. Thurber. Parameterestimationand inverseproblems, volume90 of International
GeophysicsSeries. Elsevier, Amsterdam,2005.

F. BoschettiandL. Moresi. Interactive inversionin geosciences.Geophys.Prosp., 64:1226–1235,2001.
L. J. Fogel,A. J.Owens,andM. J. Walsh. Arti�cial Intelligencethroughsimulatedevolution. JohnWiley andSons,

New York, 1966.
P. E. Gill, W. Murray, andM. H. Wright. Practicaloptimization. AcademicPress,London,1981.
J.H. Holland. Adaptationin natural andarti�cial systems. Theuniversityof Michiganpress,Ann Arbor, 1975.
S.Kirkpatrick, C. D. Gelatt,Jr, andM. P. Vecchi.Optimizationby simulatedannealing.Science, 220:671–680,1983.
Z. Koren,K. Mosegaard,E. Landa,P. Thore,andA. Tarantola. Monte Carlo estimationandresolutionanalysisof

seismicbackgroundvelocities.J. Geophys.Res., 96(B12):20,289–20,299,1991.
W. Menke. Geophysicaldataanalysis:discreteinversetheory. AcademicPress,SanDiego,rev. ededition,1989.
K. MosegaardandM. Sambridge.MonteCarloanalysisof inverseproblems.InverseProblems, 18:R29–R54,2002.
K. MosegaardandP. Vestergaard. A simulatedannealingapproachto seismicmodeloptimizationwith sparseprior

information.Geophys.Prosp., 39:599– 611,1991.
R. L. Parker. Understandinginversetheory. Ann.Rev. EarthPlanet.Sci., 5:35– 64,1977.
R. L.. Parker. Geophysicalinversetheory. PrincetonUniversityPress,Princeton,1994.
W. H. Press,S. A. Tuekolsky, W. T. Vetterling,andB. P. Flannery. NumericalRecipesin FORTRAN. Cambridge

UniversityPress,Cambridge,1992.
M. Sambridge.Geophysicalinversionwith a Neighbourhoodalgorithm-I. Searchinga parameterspace.Geophys.J.

Int., 138:479– 494,1999.
M. SambridgeandG.Drijkoningen.Geneticalgorithmsin seismicwaveforminversion.Geophys.J. Int., 109:323–342,

1992.
M. K. SenandP. L. Stoffa. Nonlinearone-dimensionalseismicwaveforminversionusingsimulatedannealing.Geo-

physics, 56:1624– 1638,1991.
M. K. SenandP. L. Stoffa.Globaloptimizationmethodsin geophysicalinversion, volume4 of Advancesin Exploration

Geophysics. Elsevier, Amsterdam,1995.
T. Shibutani,M. Sambridge,andB. L. N. Kennett.Geneticalgorithminversionfor receiver functionswith application

to crustanduppermostmantlestructurebeneatheasternaustralia.Geophys.Res.Lett., 23:1829– 1832,1996.
R. SniederandJ.Trampert.Inverseproblemsin geophysics.In A. Wirgin, editor, Wave�eld Inversion, pages119–190.

SpringerVerlag,New York, 1999.
A. Tarantola.InverseProblemTheoryandMethodsfor ModelParameterEstimation. Siam,Philadelphia,2005.

111thR. A. FisherMemorialLecture,Royal Society20,April 1983.


