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Abstract

We describe features of inverse problems and illustrate them with simple examples. The
focus is on the main concepts and caveats rather than mathematical detail. Properties
of linear and nonlinear inverse problems are discussed, and the effect of non-uniqueness
highlighted. Iterative algorithms for nonlinear problems are brie y introduced and com-
ments on their performance included. Fully nonlinear direct search algorithms are also
mentioned. An example is given in whic h the performance of a direct search and an itera-
tive optimization algorithm is compared.
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Intr oduction

Sciencds drivenby thefeedbaclbetweerpredictionsandobsenations.Most of our knowledgeof the Earth's interior
comedrom analyzingdatacollectedatthesurface.Thereforeobsenationsarealmostalwaysof anindirectnature and
thereexistsan ‘inverse'problemto extractinformationaboutthe deepinterior, e.g. by building animageand”seeing”
into the Earth. Our understandingf all major featureswithin the Earth,suchasthe crust, mantle,liquid outercore
andsolid inner core,aswell asthe mostdynamicpartsof the interior suchassubductiorzonesand mantleplumes,
cameaboutfrom the studyof indirectmeasurementsiadeat the surface.Indirectdata,suchasseismic,magneticand
gravity surweysarealsoakey tool in thesearchor hydrocarbordepositaswell asin understandinghe contemporary
plate tectonicervironment,which helpsquantify the risk earthquaksand other naturalhazardsposeto population
centresandinfrastructure A key questionwhichis frequentlyaskedis "How do we extractreliableinformationfrom
multi-facetedand complex geophysicabatasets?' and Whatcon dencecanbe placedin conclusiondravn from
thosedatasets?'. Asin mary area®f thesciencesthedif culty liesasmuchin nding theright questiongo ask,asin
nding answerslnversetheoryis thenamegivento the studyof extractinginformationfrom indirectmeasurementsdt
providesanincompletesetof mathematicalstatisticalandcomputationatechniquedor solving suchproblems.This
article will explain somebasicconceptsdescribepopulartrends,and hopefully encouragehe readerto look further
into the subject.

Inverse problems

Inverseproblemsare not restrictedto the geo-scienceand arisein nearly all scienti ¢ disciplines(althoughoften
underdifferentnames)jndeedanywherethat dataonly indirectly constrainquantitiesof interest. An incompletelist
includesmedicalimaging, astronomyengineeringremotesensing,oceanographyernvironmentalscienceand more
recentlybio-informatics. The developmentof practicalandrobustschemedgor analyzingindirectdatais thereforeof
major concernin the physicalsciences.Sincethe earthsciencess a naturallaboratoryfor the studyof dif cult data
analysigproblemsijt formsanimportantcruciblefor the developmenif inversiontechniqueshatcanthenbe applied
to other elds. A goodexampleis helio-seismologya techniquefor imagingtheinterior of the sunusingobsenations
in intensity uctuations causedy sunquakes. The developmenbf this eld in the 1990swasapparentlyinspiredby
geophysicistaiseof long periodseismicsurfacewavesandfree oscillationsto imagethe outerportionsof the Earth,
a processknown as seismictomography (Note the geophysicistdhemseles stole the ideaand the namefrom the
physicswho pioneerednedicaltomographyin theearly 1960sand1970s).



Inversiontechniquesreoftenusedin caseswherea large amountof dataareavailable. In mary areasof the physical

sciencedoth the quantityand quality of datahasgrown rapidly over the pastfew years. We now standat a unique
pointin historywhereadwancesn instrumentationdigital storagecapacityandcommunicatiorspeedhave increased
our ability to collectanddisseminatelataat ratesnever beforeseen.n the earthsciencesve arenow ableto measure
theageof the smallestfragmentof a rock with high precision;aswell asrecordthe precisemotionsof tectonicplates
onaglobalscale.A studentansitin almostary partof theworld anddownloadhigh delity recordingsof earthquak

seismogramsvithin hoursof the eventhappening.

Linear problems

In thegeosciencebnearinverseproblemswerethe rst to bestudiedin detail. A linearinverseproblemarisesvhenthe
mathematicatelationshippbetweerobsenablege.g. electromagnetimeasurementmaden anaircraft)andunknovns
(e.g. subsuréceelectricalconductvity structureof the Earth)arelinear, or assumedo belinear Pioneeringvork on
linear inverseproblemswas carriedout by Backusand Gilbert (1967,1968,1970). They consideredinear inverse
problemsin their mostgeneralform, with the unknonns representethy continuousfunctionsof spaceyratherthana
discretesetof parametersThey broke inverseproblemsup into two parts,known asthe existenceproblem Doesary
modelexist which ts theavailabledata?', andthe uniqguenesgroblem’If so,how uniqueis thatmodel?'. Backus
andGilbert shovedthatthereexistsa fundamentatrade-of betweerthe modelvariance(the errorin unknavn model
valueatary pointin amedium)andthe modelresolution(thedegreeto whichthe spatialaveragingor blurring occurs).
In addition mary inverseproblemswere recognizedas non-unique meaningthatanin nite classof solutionsexist,
eachtting thedataequallywell. Without extradataor introducingnew assumptionshereis noreasonvhy onesingle
modelshouldbe preferredover ary other A classicpaperwhich explainsthe essentiapropertiesof linear inverse
problemsis Parker (1977).

A discrete inverse problem

A numberof generalconceptscanbeillustratedwith a simplediscretelinearinverseproblem,suchasseismictravel
time tomography Figure 1 shavs an example. In Figure 1a we have a single seismicray passingthrougha two
parameteblock model. The unknovns arethe changesn slownessegreciprocalof seismicvelocity) in the blocks
from a homogeneouslovnessmodel( S;; Sp). Thesingledatum, t;, is the differencebetweenthe obsered
travel time of theray andthatcalculatedn thereferencghomogeneousglovnessmodel. Thequestionis canwe nd
theslownessedn theblocks? Linearizationof the seismictravel time equationgives

ti1=11 Si+ 1 S 1)

wherel; is thelengthof theray in thej-th block. Clearlywe have onelinear equationandtwo unknavns,andhence
no uniquesolution.In factthereis acompletetrade-of betweerthe slovnessvariablesandonly theaverageslowvness
of the two blocksis constrainedby the data. Super cially the situationin Figure 1b looks muchbetter but this is
deceptve. Regardlesof the factthatwe now have mary raystraversingthe blocks, it's straightforvardto shav that
eachray contributesanequatiorwhichis just a scalamultiple of (1). Hencewe really still have only oneindependent
equationgventhoughwe now have mary rays.If thedataareerrorfreethesituationin Figurelbis identicalto thatin
Figurelaandno extrainformationis present(Note: If thedatacontainechoisethentherewouldbeabene t from the
averagingeffect of therays,but theagainonly theaverageslownesswould be constrained.rhe situationin Figurelc
is entirely different. Herewe have two equationghat passthroughdifferentsidesof the blocks.Hencetheratio of the
lengthsis nolongerequal

gl 2)

lo 4
This meansthat the two constraintequations,are linearly independentand hencecan be solved uniquely for the
slovnesseg Si; S;). Thesituationin Figure1d, is animprovementof 1c, in thatnow mary raysfrom different
directionsarepresentHerewe againcansolve for the two unknavnsandwould be likely to do sowith lessvariance
in the modelparametersvhenthe datacontainednoise(againdueto the combinedeffect of the mary rays). In the
parlanceof linear algebra,Figure 1a and 1b leadto an underdeterminedinear systemof equations;1c to an even
determinedand1d to anoverdeterminedIn Figure 1e we have the sameraysasin 1d but have choserto usemore
blocksto representheslownesseld. Closeinspectionrshavsthatall the previouscasesold simultaneouslyn 1eand
hencethis is whatis known asa mixed determinedproblem,containingboth over andunderdeterminecbarameters.
Comparingld to 1e we seethat aswe seekto constrainslownnessvariationsover shorterspatial scalesour model
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Figurel: Atoylinear discteteinverseproblem traveltimetomayraphy a)-d), showvariousnumbes andorientations
of rayspassinghroughtwo slownesdlodks. ) showshesameraysasin d) but with 32 blocks. e) illustratesthetrade
off betweerspreadof modelresolution(inversecell size)and modelvariance(noisein the estimatedgslownesses)See
text for a discussion.

varianceincreasesThis is becauseavith noisy dataeventhe bestconstrainedslovnessblocksin Figurele will have
larger error thanthe two unknovnsin 1d. Hencethereis a trade-of betweenmodelvariance(error) and spreadof
resolution(inverseof cell size). Figure le illustratesthis trade-of, which is a generalpropertyof all linear inverse
problems.

This simple linear exampleillustratesmary importantconceptsof inverseproblems,namelythat the merenumber
of datais unimportant,but the (linear) independencef the datamattersmost (c.f. Figuresla, 1b and 1c); that
non-uniquenests often presentand parametrizations a choice;that problemsare often mix-determinedandthata
trade-of betweemnresolutionandvariancecannotbeavoided. For discretanverseproblemswith numbersof unknavns
lessthan10?, it is practicalto calculatequantitieslik e the modelcovariancematrix andthe modelresolutionmatrix,
which characteriz¢hesepropertiegseeMenke, 1989; Tarantola2005;Asteretal., 2005, for details).

Nonlinear inverse problems

A nonlinearinverseproblemariseswhenthe mathematicatelationshipbetweenunknavn modeland datatakesthe

form
d = g(m) 3)

whereg(m) representshe nonlinearforward model. This includesthe casewhereno analyticalexpressionfor the
forward problemexists, andg representshe resultof an algorithmallowing datato be calculatedfor ary givenin-
put model. To estimatethe modelm which generatedhe obsenations(3), the problemis often recastas one of
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Figure2: Aleastsquaesdatamis t for tting of seismiaeceiverfunctions.ln ead of thefourimagesthedatamis t is
plottedasa functionof two of thetwenty-fourparametes de ning the1-D seismiavave-speechodel. Themulti-modal
characterof thedatamis t arisesbecausef thenonlinearrelationshipbetweemmodelparametes and data.

optimization.Speci cally we seekthe vectorm which minimizes
(m)=(d gm)'Cy'd g(m)+ (m) (4)

The rst termis a leastsquaremeasureof datamis t, with C* the covariancematrix for the dataerrors(Menke,

1989). The seconds a regularizationterm designedo penalizeextravagantmodels. The particularform of (m) is

subjectve. Its role is to encouragebut not alwaysguaranteea uniqueglobalminimumfor (m). Commonchoices
are a quadraticdifferenceto a referencemodel, a derivative operatorto penalize rst or secondspatialderivatives,
(e.g. for the casewhenm represents scalar eld of somephysicalquantity); or a combinationof all three. Many

inverseproblemsn thegeosciencearenonlinear Figure2 shavs anexamplefrom seismicreceverfunctioninversion
(Ammonetal.,1990;Shikutanietal., 1996). Thefour surfacesepresentheleastsquaresiatamis t betweerpredicted
andobsenedreceverfunctions(cf. thedatatermin (4)), plottedasafunctionof two modelparametersHerethemodel
representthesheawave-speedisafunctionof depthin the Earth's crustanduppermantle.Notethatthe surfacesare
farfrom quadraticjndicatingseverenonlinearity They alsoshav multi-modality makingoptimizationdif cult.

Thesimplestway of dealingwith nonlinearinverseproblemss to linearizethemaboutsomereferencanodelm , using
a Taylor expansion.This leadsto
d=Gm (5)

where d is thedifferencebetweerthe obserneddataandthe predictionsfrom thereferencemodel(d  g(my,)); m

is the perturbationto the referencemodel,m,, andG is a matrix of derivativesof predictionswith respecto model
parameters.Oncethis approximationhasbeenmade,linear inversetheory canbe usedin an iterative fashion. For
example,if theregularizationtermin (4) werea simpledampingto areferencenodelwe have

(m)=(m mO)Tcml(m Mo); (6)

WhereCM1 is a model covariance(weight) matrix. Thenthe well known dampedeastsquaresterative algorithm
results

m=(G'c,'c+c,t) 'G'cyt a: (7)
Fromthepointof view of minimizing (4), thealgorithmin (7) is equivalentto approximatinghemis t function (m)
with alocal quadraticsurfaceand moving to its minimum. Repeatedterationsmay corvergeto a minimumof or
not, dependingpn the startingpoint of the processFigure3 shavs anexample.In theleft panelthe startingpoint lies
in the basinof a broadminimumandrepeatedjuadraticapproximationsvill guidethe solutionto it. In theright hand
panelthe startingpoint lies outsideof the basin. In this casean iterative optimizationalgorithmis likely to diverge



or nd asecondaryminimum. Iterative linearizationalgorithmsalwayssuffer from this type of problem.The eld of
gradientbasedoptimization(e.g.Gill etal., 1981)hasmary techniquegor dampingandstabilizingsuchalgorithms,
but ultimately thesemethodsbecomeineffective as the problembecomeamnore nonlinear or indeedwhen surface
derivatives(determinedy the G matrix) areunavailable.

Parameter search and ensemb le inference

In the examplespresentedve have seentwo importantpropertiesof mary inverseproblems namelynon-uniqueness
and non-linearity Thesetogetherwith the presenceof noisein the datatell us thatit is much more importantto
characterizehe rangeof acceptablesolutionsthan nding asinglebestdata tting model. (Eventhough,aswe have
seen,in nonlinearcasest may be dif cult to even nd bestdata tting models.) Figure 3 illustratesthe casewhere
multiple classe®f solutionexist, eachtting the dataadequatelylf thesearedisconnecteadsin theillustration,then
no linearizediterative inversionalgorithmwill nd morethanoneclassof solutionatary onetime.

Oneapproactin thesecircumstances to avoid all linearizingapproximationgntirelyanduseonly ensemblénference
approaches,e. onesbasedon directly searchinga parametespace(without makinguseof derivatives). If a ‘good'

sampleof data tting modelscanbe generatedhenconclusionscanbe dravn on propertiesof themall, ratherthan
the bestt model. This requiresrepeatedestingof potential solutions,often requiring adaptie, i.e. nonuniform
randomizedsamplingof a multi-dimensionalparametesspace. A corvenientway to view ensembldnferenceis in

termsof a two stepapproach consistingof a searchstage,where modelsare generatedand the forward problem
repeatedlysolved,andanappraisaktage whereinferencesredravn from the completeensemblef modelsobtained
(SniederandTrampert,1999).

Figure3: Bothviewsshowa linearizedapproximationto an objectivefunctionarising in a nonlinearinverseproblem.
Thequadmatic (tangent)approximationin theleft handcase(a) liesin thebasinof theglobal minimumandaniterative
linearizedinversionalgorithmis likely to corverge to the deepwell to theright. In theright handcasethe quadratic
approximationlies outsidethe basinof the global minimumand a linearizedinversionalgorithmis likely to fail. This
illustratesthe dependencef linearizedoptimizationalgorithmson the startingmodel.

In the searchstage analgorithm(basedn multi-dimensionatandomwalks)is oftenusedto collectsamplesandthe
predictionsof the modelsarecomparedo the data.In mary caseghe searchprocesds adaptie,i.e. it makesuseof

samplesollectedto guidethesearcHor nev models.Clearly, thereis a strongconnectiorwith optimizationproblems,
andindeedmary directsearch(i.e. non-dervative basedpptimizationalgorithmshave beenusedassearchalgorithms
in inverseproblems. Examplesinclude SimulatedAnnealing (Kirkpatrick et al., 1983; Mosegaardand Vestegaard,
1991;Korenet al., 1991; Senand Stoffa, 1991), Geneticalgorithmsand Evolutionary Programming(Fogel et al.,

1966; Holland, 1975; Senand Stoffa, 1991; Sambridgeand Drijk oningen,1992), and the Neighbourhoodalgorithm
(Sambridge1999).

In the appraisalstagethe objective is to make use of the completeensembleof parameteispacesamplesto draw
inferencedrom the data. Of course the degreeto which this canbe sensiblydonedependsrucially on the type of
samplingperformedduringthesearctstage If anoptimizationalgorithmhasbeenusedin thesearchstageto minimize



Figure4: An ensembleof solutionsto an inverse problem. Each sphee representsa three parametermodelwhich
satis es the correspondingdata to an acceptablelevel (giventhe noise). The gur e illustratesthe situationin a
nonlinearinverse problemwhele disconnectedslandsof solutionscanexistin parameterspace ead representinga
differentclassof solution.

adatamis t function,thenthe temptationis oftento selectthe bestdata tting modelonly andexamineit in detail.
However, this is almostalwaysinsufcient becausef the noisein the dataandthe non-uniquenessf the underlying
inverseproblem.Evenwithin a nite dimensionaparametespaceoneusually nds thatif onemodel ts thedatato an
acceptabléevel (giventhenoise),thenanin nite humbemwill, andsothebestdatat modelmaywell be misleading.

An alternatve to takingsingle best t' modelsis to try andcharacterizeéhe subsebf dataacceptablanodelsin the
collectedensemblewhich may be usefulif the searchalgorithmhassufciently exploredthe parametespace.For
exampleonecouldtry anddetectpropertiespr featureswhich all dataacceptablenodelsshare g.g.oneswhich have
theleaststructure,or canbe boundedby somemodelproperty This extremalmodelapproactwas rst proposedoy
Parker (1977)in the context of nonlinearinverseproblems andcanalsobe applieddirectly to the appraisaproblem.
Summarie®f approachessedin the geosciencesanbefoundin SenandStoffa (1995); Mosegaardand Sambridge
(2002).

As the parametespacegyet large direct searchtechniquedoosetheir appealand becomeimpractical, becausdhe
spacebecomesxtremelylarge. To getanideaof how rapidly the sizeof a parametespacegrowswith dimensionijt is
soberingto considera simplethoughtexperiment.Imaginewe have justatwo dimensionaparametespaceandwant
to generateat leastonemodelin eachof the four quadrantsi.e. north-eastsouth-eastetc. The minimum numberof
samplesieededs obviously four. Apply the sameideato a d dimensionakpacewe seethatthereare2d, analogous
“quadrants'.For athreeparametespacehis givesthe expectedvalueof eight. For atenparameteproblemthereare
over athousandcornersto every unit cube,for twenty parametershis is over a million andfor thirty parameterdt's
overabillion. The curseof dimensionalityalwaysgetsyouin theend!

Sincethecomputationaéffort of directsearchinversionwill scalelinearlywith thecostof solvingtheforwardproblem
it becomesncreasinglydif cult to adequatelsamplehigherdimensionakpacesin casesvheretheforwardproblem
is comple, requiringadwancednumericalsimulationtechniquedor a single solution, direct searchtechniqueswill
quickly becomeprohibitive. Severeundersamplingalwaysoccurs,andwe cannever be surethatthe vastoceansof
unexplored parametesspacemight not containdataacceptablenodels,or even global minima. Neverthelesdirect
searchtechniqueganstill be usefulin moderatelysizedproblemsup to a hundredunknowvnsor so).

To illustratethein uence of nonlinearityandthe needfor derivative free searchtechniqueswe concludewith a com-
parisonbetweenthreealgorithmson the seismicrecever function problem. Herethe objective is to seekout at least
one (andpreferablymary) modelsthat satisfythe datato an acceptabldevel. Figure5 shows the resultsof aniter-

ative local optimizationalgorithm, Pavell's directionsetmethod(seePresset al., 1992); a direct searchmethod,the
Neighbourhooalgorithm(Sambridge1999);anda simpleuniform randomsearch.
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Figure5: A comparisorbetweer(a) aniterative optimizationalgorithm (Powell's method)which usedocal derivative
approximations(b) a directsearch technique(Neighbourhoodlgorithm)which usesno derivativesand(c) a uniform
randomseach. In ead casethebestt modelis showntogetherwith its correspondingeceiverfunctionwaveform.
Thesynthetic observeddatawere geneatedby the sametrue modelshownin the gur es,with theaddition of corre-
lated Gaussiamoise Thespreadof the modelsgeneiatedby ead algorithmis representedy the badkgrounddensity
plot.

The rst methodis local becausét generategstimatef derivative informationof themis t surfaceusingsolutions
to the forward problem. It works by successiely updatinga startingmodelin a perturbatve fashion,andhaltswhen

themodelis nolongerimproving thedatat sufciently. Theuseof only local informationmakesit descendjuickly

to a local minimum whereit getstrapped. The third methodis derivative free but makesno useof pastmodelsto

guide sampling. Henceit is robustagainstentrapmentn secondaryminima, but very slow to corverge. The direct

searchNeighbourhoodilgorithmalsoavoids useof derivativesbut is ableto make useof previous samplingto guide

the search.This is achiesed usinggeometricatechniquego adaptvely partition the space.Like mostdirect search
algorithmsit performsbetterthantheothertwo classe®f approachn thatit is ableto adaptsamplingin responseo the

characteof thevaryingmis t function. Interestinglyenoughalthoughtheiterative local searchtechniqués essentially
“downhill' it still requires22480evaluationsof themis t surface(andhencesolutionsto the forward problem). This

is a signi cant fraction of the 64128forward solutionsusedby both the Neighbourhoodalgorithmandthe uniform

Monte Carlosampling.Contraryto commonperceptionstechniquesisinglocal derivative information,eitherby way

of actualderivative calculation(matrix G in (5), or by mis t surfaceevaluationgasin Powell's directionsetmethod),
canbesurprisinglycostly.

Anotherpotentiallyusefulfeatureof moderndirect searchtechniquess thatthey canbe drivenby just a ranking of
themodelswith respecto comple criteria. This meanghatoneis notforcedto de ne a scalarobjective functionlike
(4) andthenrankwith respecto thesevalues(althoughthisis commonpractice).In principleary rankingcriteriacan
be used,even non-differentiablefunctionsandhumandecisiongseeBoschettiandMoresi,2001). This is true of the
Neighbourhoodlgorithmandsomeof the moremodernimplementation®f Geneticalgorithms.

Conclusions

In thistutorial articlewe have highlightedsomeaspect®f inverseproblemsandillustratedthemwith simpleexamples.
Linearandnonlinearcasesave beendescribedandpitfalls andperilshave beentouchedupon. As the availablecom-
putationalpower hasgrown, muchattentionhasbeernfocusedonfully nonlineamproblemsanddirectsearchalgorithms.
However it mustbe rememberedhat the issuesof non-uniquenesgrade-ofs, effect of datanoiseandin uences of
parametrizatiorchoicesarejust asrelevanttodayas30 yearsagowhenthey were rst explained.In theauthors view,
inverseproblemsareasmuchaboutaskingtheright questionf a datasetthanbuilding amodelthat ts it. After all,



asstatisticianSamueKarlin putit “The purposeof modelsis notto t thedatabut to sharperthe questions!.

This article hasnot mentionedthe probabilistic(Bayesian)approachto inverseproblemsthatis popularacrossthe
sciences. The subjectis discussedn detail by Tarantola(2005), and the readeris referedto that work for more
information. We hopethat this article is a usefulsummary More extensive dicussionsappearin the major books
thathave beenpublishedon geophysicalnversetheory(seeMenke, 1989;Parker, 1994; Tarantola 2005; Asteretal.,
2005),which presenthe subjectfrom arangeof viewpoints.
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