
Quasi-cylindrical 2.5D wave modeling for large-scale seismic surveys

Hiroshi Takenaka and Hiroki Tanaka1

Department of Earth and Planetary Sciences, Kyushu University, Fukuoka, Japan

Taro Okamoto
Department of Earth and Planetary Sciences, Tokyo Institute of Technology, Tokyo, Japan

Brian L. N. Kennett
Research School of Earth Sciences, Australian National University, Canberra, Australia

Received 28 June 2003; revised 3 September 2003; accepted 26 September 2003; published 4 November 2003.

[1] The most common form of seismic exploration remains
a nearly linear survey with data acquisition lines including
the source and receivers. The interpretation of amplitude
and waveform information for such linear acquisition
requires consideration of 3D seismic wavefields. In many
scenarios the structure is approximately 2D, but still
modeling is needed for point sources. In recent years 2.5D
modeling methods have been developed for the simulation of
3D seismic wavefields in media varying in two dimensions.
Although the computer memory requirements are only
slightly larger than those for 2D computations, the
computation times are too long for ready application to
actual surveys. To overcome this problem, we propose a new
approach for modeling 2.5D seismic wavefields using a
quasi-cylindrical representation.We show an implementation
of this approach using the finite-difference method and
demonstrate the validity and efficiency of the technique with
numerical examples, including a profile across a realistic
model of subduction zone structure. INDEX TERMS: 0902

Exploration Geophysics: Computational methods, seismic; 0935

Exploration Geophysics: Seismic methods (3025); 3230

Mathematical Geophysics: Numerical solutions; 7218
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modeling for large-scale seismic surveys, Geophys. Res. Lett.,

30(21), 2086, doi:10.1029/2003GL018068, 2003.

1. Introduction

[2] Controlled source seismic techniques provide one of
the main methods of exploration of the crust and upper
mantle structure. In the analysis of such explosion seismic
records it is common to use only the travel time data of
some phases, but use of waveform data enables us to
obtain finer image of structure. However, in order to
provide a quantitative analysis of real waveform records,
we need to be able to calculate the wavefields in three
dimensions, because the geometrical spreading effect for
3D wavefields cannot correctly be given by 2D modeling
[Igel et al., 1996]. However, such full 3D modeling of
seismic wave propagation is still computationally intensive,

and would be too costly even on parallel hardware for
large-sized problems.
[3] Recently, as a compromise between realism and

computational efficiency, 2.5D methods for calculating
3D elastic wavefields in media varying in two dimensions
have been developed [e.g., Randall, 1991; Takenaka et al.,
1996; Fujiwara, 1996; Furumura and Takenaka, 1996;
Okamoto, 2002], which can correctly model 3D geometrical
spreading effects for all phases and make possible a direct
comparison of real and synthetic waveform data. These
2.5D methods have applied a spatial Fourier transform to
the 3D elastodynamic equation in the direction along which
the material parameters are constant, to recast the equations
in a mixed coordinate-wavenumber domain. In this domain,
the 3D equation is reduced to independent sets of 2D
equations for each wavenumber, which are solved by using
numerical techniques, such as the finite-difference method
(FDM) and the boundary element method, followed by an
inverse Fourier transform over wavenumber. Thus 2.5D
methods require a storage only slightly larger than those of
the corresponding 2D calculations. However, they require
long computation times comparable to that of the
corresponding 3D calculations. If this limitation can be
resolved, 2.5D modeling can be a very useful method for
the interpretation of explosion seismic surveys where the
receivers are deployed along long lines and the 2D velocity
structure below the measurement lines are the targets of the
survey.
[4] A more economical approach to the modeling of 3D

wavefields is to approximate the structural model to be
axisymmetric along the vertical axis including the source,
and then solve the elastodynamic equation in cylindrical
coordinates [e.g., Stephen, 1988; Igel et al., 1996]. This
method reduces the computation time to nearly as short as
that of the 2D calculations. But, application of the pure
axisymmetric approximation is difficult in practice, because
the structure along the measurement line of the seismic
survey is not usually symmetric about the active source
location. In other words, the method can not model the
wave propagation on both sides of the source location on
the measurement line.
[5] Here we propose a new approach which is based on

the elastodynamic equation in cylindrical coordinates, but
can calculate the wavefields at both sides of the source
simultaneously. This requires similar computation time and
storage as for 2D calculations. We have developed a
numerical code using a FDM scheme. In this paper we also
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show some numerical examples to demonstrate the validity
and feasibility of our approach.

2. Theory

[6] We consider the elastodynamic equation in cylindrical
coordinates (r, q, z) for an explosive source located on the z
axis [e.g., Sokolnikoff, 1956]:

r@tvr ¼ r�1@r rsrrð Þ � r�1sqq þ @zsrz � @rS; ð1Þ

r@tvz ¼ r�1@r rsrzð Þ þ @zszz � @zS; ð2Þ

@tsrr ¼ lr�1@r rvrð Þ þ 2m@rvr þ l@zvz; ð3Þ

@tsqq ¼ lþ 2mð Þr�1@r rvrð Þ � 2m@rvr þ l@zvz; ð4Þ

@tszz ¼ lr�1@r rvrð Þ þ lþ 2mð Þ@zvz; ð5Þ

@tsrz ¼ m @rvz þ @zvrð Þ; ð6Þ

where t is time, r is the density, l and m are the Lamé
constants, vi are the particle velocity components, and sij are
the stress components. Throughout this paper we take the
vertical coordinate z positive downward, and the plane z = 0
is the free surface. S is the source distribution:

S ¼ M0f tð Þd r; zð Þ; ð7Þ

where M0 is the seismic moment of explosion, f(t) is the
source time function with unit area, and d(r, z) is the spatial
distribution of the source that is axisymmmetric and has unit
volume.
[7] The cylindrical coordinate equations shown above are

usually considered in the conventional cylindrical domain
0 � r < 1, �p < q < p, �1 < z < 1. However, we
consider not the conventional domain, but instead �1 <
r < 1, �p/2 < q < p/2, �1 < z < 1. We call this new
domain a quasi-cylindrical domain. In this domain the
directions of the horizontal coordinates are unchanged
across the vertical axis r = 0, and the two vertical planes
q = 0 and q = p in the conventional domain are considered to
be one plane q = 0 in the quasi-cylindrical domain. We then
assign a 2D structure model on this plane. The 2D structure
model need not be symmetric with respect to the vertical
axis r = 0, and can be solved using numerical methods such
as the FDM in a manner similar to 2D problems in Cartesian
coordinates. When the structure is defined in a 2D Cartesian
domain (x, z) and the shot position is x = x0, the cylindrical
coordinate equations are solved by setting r = x � x0. Notice
that for calculation for another shot position in the structure
it is not necessary to remake the computational structure
model, and just a change of the value of x0 (shifting the
source grid position in the FDM) is needed. We call this a
quasi-cylindrical approach. Since in a strict mathematical
sense this approach may violate the assumption of rotational
symmetry with respect to the axis r = 0 for the above
cylindrical coordinate equations, it represents a form of
approximation to the true situation. Nevertheless, it can give
a good numerical solution as shown later.

3. FDM Implementation

[8] In order to solve equations (1) to (6) we here use a
finite-difference scheme, second-order accurate in time,

fourth-order accurate in space, with a staggered-grid formu-
lation for rectangular grids with uniform grid spacing
[Levander, 1988]. In the staggered-grid scheme the deriva-
tives of a field quantity are naturally defined halfway
between the grid points where the field quantity is defined.
We employ a grid configuration where vz and the normal
stress components locate on the axis r = 0, while the other
field quantities are not present at r = 0. The configuration of
field quantities (except sqq) are the same as that of the
corresponding 2D Cartesian FDM [e.g., Levander, 1988] if
the subscript r is replaced by x. We locate sqq at the same
grid points as the other normal stress components (srr, szz).
Also we must interpolate to evaluate r�1sqq on the right
hand side of equation (1) as sqq and vr are not defined at the
same grid points.

r�1sqq ¼ r�1@r rsqqð Þ � @rsqq: ð8Þ

[9] In order to calculate vz and the normal stress compo-
nents just at r = 0, we have to evaluate the first terms in the
right hand side of equations (2) to (5). Since we cannot
calculate them directly because of the r�1 dependence, we
exploit the formulae derived from limiting operations with
the L’Hôpital rule as

r�1@r rvrð Þ¼@rvr þ r�1vr�!2@rvr r ! 0ð Þ: ð9Þ

From this we evaluate the first terms of equations (2) to (5)
at r = 0.
[10] In our algorithm a point source can be simulated by

using a discrete version of d(r, z) in equation (7): a non-zero
value of [p(�r)2�z/4]�1 only at a grid point of the source
depth z0 just on the axis r = 0, where �r and �z are the
horizontal and vertical grid spacings, respectively. Note that
p(�r)2�z/4 is equal to the volume of a cylinder of height
�z and base diameter �r.

4. Numerical Examples

[11] To illustrate the validity of the approach and the
FDM implementation mentioned above, the algorithm is
first applied to two simple structural models: one is a
horizontally layered model (Figure 1a), and the other is an
irregularly layered model with sloped interfaces (Figure 1b).
The first model is axisymmetric, while the second one is not
axisymmetric. In both models the source is located at x = 0,
z = 0.4 (km). The models are defined on a 1000 	 250 grid
with a grid spacing of 0.2 km in horizontal and vertical
directions. The time increment is 0.01 s. The source time
function is a phaseless bell-shaped pulse with width of 1 s.
[12] Figure 2 shows the vertical component of the calcu-

lated seismograms at six surface positions for the two
models and compares them with those of other methods: a
2.5D FDM [Okamoto, 2002] for both models, and the
reflectivity method [Takenaka and Sasatani, 2000] for the
first model. The horizontal component waveforms are not
displayed because their behavior for the three methods are
similar to the vertical component. For the first model the
waveforms from the three methods are almost identical.
Only for the surface waves slight differences are seen
between the three methods. In Figure 3a we plot the
difference between the reflectivity and the 2.5D FDM
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solutions (dotted lines), and between the quasi-cylindrical
and the 2.5D FDM solutions (solid lines) at two stations to
the right of the source. The difference between the dotted
and solid curves then corresponds to the misfit between the
quasi-cylindrical FDM and the reflectivity solutions. From
these plots we see that the numerical error in, and the
difference between, the two FDM solutions are concentrated
in the surface waves while for the body waves the differ-
ences are so small as to be negligible. The misfit between
the two FDM and the reflectivity solutions comes from
errors introduced from model discretization, grid dispersion,
and numerical implementation (i.e., approximation) of the
free surface condition in the FDM schemes. Generally, in
FDM calculations much larger errors occur in modeling of
surface waves compared to body waves, since the surface

waves are generated at, and propagate close to, the free
surface [e.g., Robertsson, 1996]. Modeling of the surface
waves with sufficient accuracy by the FDM requires much
finer grid spacing than needed for the body waves, which
leads to very large computation time requirement even for
2D calculations. Fortunately, in actual surveys most analysis
focuses on the body waves, so that the limitations in surface
wave modeling do not reduce the utility of the FDM. We
hereafter focus comparisons between the quasi-cylindrical
and the 2.5D FDM synthetics for a time window restricted
to just the body waves, although surface waves are also
plotted in the figures.
[13] For the second model the waveforms from the quasi-

cylindrical and the 2.5D FDMs are also almost identical,
even though the structure modeled by each method is not
completely the same: the oblique interfaces have curvatures
with a center located at the vertical axis r = 0 for the quasi-
cylindrical approach, while for the pure 2.5D they are not
curved. The curvature of the interfaces in the structure
modeled by the quasi-cylindrical approach is reduced as
the horizontal distances from the source increase. Moreover,
in the second model the sloped interfaces are located just
below the source. Nevertheless, the waveforms from the
two methods are almost identical even for the stations close
to the source. Figure 3b shows the difference of waveforms
from the two methods for the second model. We find that
the amplitudes of the differential waveforms for the body
waves are very small, and the quasi-cylindrical approach
can give a fairly good approximation of the body wave
solution for the 2.5D problem, which suggests this approach
can be applied to 2D seismic surveys in complex structures
such as subduction zones.
[14] Next, we apply the quasi-cylindrical FDM to a rather

realistic structure model of a region with subduction
(Figure 4). The upper panel of Figure 4 is the P-wave
velocity model which was constructed from a model for a
region of the Nankai trough, Japan, where the Philippine sea
plate is subducting [Kodaira et al., 2002]. Each layer in the
model has a constant P-wave velocity corresponding to the
color scale. VP/VS is assumed to be 1.73 except the sea
water where VP and VS are set to be 1.5 km/s and zero,
respectively, and the densities for the solid layers are
evaluated using Darbyshire et al.’s [2000] formula. The
model is defined on a 7100 	 1000 grid with a grid spacing
of 50 m in horizontal and vertical directions. The time
increment is 2.5 	 10�3 s. The source is placed at a depth of

Figure 2. Synthetic seismograms for (a) the horizontally
layered and (b) the irregularly layered structures shown in
Figure 1. Vertical components of particle velocities are
shown: the quasi-cylindrical FDM (solid lines in (a), (b)),
the 2.5D FDM (dashed lines in (a), (b)) and the reflectivity
method (dotted lines in (a)). A lowpass filter (<2 Hz) has
been applied. The amplitude scale is shown on the left of
each seismogram. The scale is in m/s when the unit of
seismic moment is 1015 Nm, density is in g/cm3, and wave
speed is in km/s. Positive amplitude indicates downward
motion.

Figure 1. Vertical cross sections of two structural models
for testing the quasi-cylindrical method. The properties of
each layer of (b) are the same as those of the corresponding
layer of (a).

Figure 3. Difference waveforms for (a) the horizontally
layered and (b) the irregularly layered structures. Dotted
lines in (a) show the misfit between the reflectivity and the
2.5D FDM solutions, and solid lines in (a) and (b) show the
difference between the quasi-cylindrical FDM and the 2.5D
FDM synthetics. The amplitude has been normalized by the
maximum amplitude of each waveform from the 2.5D
FDM.
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100 m. The source time function is a phaseless bell-shaped
pulse with width of 0.5 s. The lower panel of Figure 4
shows synthetic seismograms at the land surface and the sea
bottom for a land shot. The FDM computations simulate all
possible seismic phases in the computation time window.
Because of the completeness of the FDM seismograms we
would be able to perform a direct comparison with the
observed seismograms, which is very important in testing
and improving the structural models obtained by seismic
surveys.

5. Discussion and Conclusions

[15] We now consider the efficiency of our new approach
in comparison with the conventional 2.5D methods. In the
quasi-cylindrical approach we only need to perform a single
2D calculation, while the conventional 2.5D methods require
a number of 2D calculations, each of which corresponds to
one of the Fourier (wavenumber) components in the hori-
zontal anti-plane (y) direction, as mentioned in section 1. The
number of Fourier components (Ny), i.e. the number of 2D
calculations, depends on two parameters involved in the
Fourier expansion: the spatial periodicity Ly in the y direction
and the minimum scale (spatial sampling period �y) that
controls the maximum wavenumber in this direction. Since
Ny is larger for larger Ly and smaller�y, quite a large number
of 2D calculations are needed for a large model and a high
frequency band. Therefore, for large-sized surveys the quasi-
cylindrical approach is much more efficient as compared
with the conventional 2.5D methods. For instance, in the first
two test cases (Figures 1 and 2), the computation time is
about 30 seconds for the quasi-cylindrical FDM, while for

the 2.5D FDM it is 3 hours in the case of Ny = 251 (Ly = 200
(km), �y = 0.7 (km)) using 16 PEs of the SGI Origin 3800
parallel computer.
[16] In this paper we have proposed a new efficient

approach, for modeling for explosion seismic surveys,
which allows the treatment of arbitrarily heterogeneous
2D structures and correctly models 3D geometrical spread-
ing effects for all phases. We have also investigated the
feasibility of a FDM implementation of this approach, and
demonstrated the validity and efficiency, which are very
important in actual applications for seismic surveys: direct
comparison between the observed and synthetic waveforms
at realistic frequency band and at realistic source-receiver
distances should be possible by our approach with a modest
numerical cost.
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Figure 4. Simulation of a onshore-offshore seismic
experiment. Upper panel: Structural model. Star mark
indicates the shot location. Lower panel: Synthetic velocity
seismograms (vertical component) calculated from the
model. The amplitudes of the seismograms are scaled
linearly with offset. A lowpass filter (<3 Hz) has been
applied.
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