
Geophysical Journal International
Geophys. J. Int. (2012) 191, 1403–1416 doi: 10.1111/j.1365-246X.2012.05693.x

G
JI

S
ei

sm
ol

og
y

A unified concept for comparison of seismograms using
transfer functions

Brian L. N. Kennett1 and Andreas Fichtner2

1Research School of Earth Sciences, The Australian National University, Canberra ACT 0200, Australia. E-mail: Brian.Kennett@anu.edu.au
2Department of Earth Sciences, Utrecht University, Budapestlaan 4, 3584 CD, Utrecht, The Netherlands

Accepted 2012 September 24. Received 2012 September 16; in original form 2012 January 11

S U M M A R Y
The comparison of seismograms plays a central role in seismology in diverse ways such as
relative time-shifts, propagation effects between stations for a common source, and inversion
for source or structural studies. Different measures for comparison have been used in the
various situations, but all can be linked by the use of the concept of a transfer operator between
a reference seismogram and a comparator trace. Transfer operators are implicit in various
methods of phase velocity estimation, receiver functions and anisotropy studies, and measures
for estimating arrival times and amplitude variations.

Such transfer operators have a number of important roles; first they allow a visual assessment
of the similarities of seismograms, secondly they provide a useful description of propagation
effects for a common source in terms of the evolution from a reference station, and thirdly
the transfer operator provides a means of representing seismogram differences in inversion
without dominance by the largest amplitude arrivals.

Whereas many time-domain measures of the degree of fit between an observed seismogram
and the corresponding synthetic seismogram depend on the difference between the traces,
which can be readily disturbed by minor misalignment, the transfer operator can readily
represent a time offset while retaining a suitable measure of the similarities between the traces.

The transfer operator concept can be applied with weighting or windowing of seismograms,
and can be expressed in the time and frequency domains, or even in frequency time. This
approach provides a means of representing and quantifying differences in the character of
two seismograms that are visually apparent, in the time or frequency domain, but which get
suppressed in any single measure of fit.

We show how transfer operators can be usefully employed in many aspects of seismology
with emphasis on frequency-domain representations at low frequency, and the time domain for
higher frequency applications. We can express the general goal of inversion as the reduction
of the transfer operator between observed and synthetic seismograms to the identity, thereby
avoiding dominance by the largest arrivals and enhancing the influence of the full range of
propagation processes. Broad classes of measures for comparison of times of arrival and
amplitudes with quasi-linear properties can be constructed from the transfer operators through
the use of a simple weighting function. This versatility highlights the unifying character of
the transfer operator; and greatly simplifies the design of measurements targeted at specific
aspects of the Earth’s structure.

Key words: Time-series analysis; Inverse theory; Seismic tomography; Theoretical seismol-
ogy; Wave propagation.

1 I N T RO D U C T I O N

Many aspects of seismology require the comparison of seismograms
in both wave propagation, source and structural contexts. Compar-
isons may be as simple as determining a time-shift between seismic

phases at different stations, more subtle as in the examination of the
evolution of the seismic wavefield from a common source, ranging
to quantitative measures of the degree of fit between an observed
seismogram and the corresponding synthetic seismogram for source
or structural studies.
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In all these contexts a unifying concept is the transfer operator
between two seismograms, that is, the operator that transforms a
reference trace into a comparator trace. The operator is convolu-
tional and can be represented by a transfer function in time, with
a corresponding frequency-domain representation in which convo-
lution is replaced by multiplication. Implicitly, such a concept has
already been extensively used in seismology, and most commonly
employed techniques for comparing seismograms such as seismo-
gram misfit measures can be recognized as emphasizing different
ways of employing the transfer function.

A long-standing issue in seismic waveform analysis is the most
effective way to make a comparison between observed and syn-
thetic seismograms, and thereby characterize the degree of match
achieved. Most techniques for seismogram comparison are oriented
towards the matching of the most prominent phases in the seis-
mogram. However, as numerical methods improve, there is po-
tential for extra information about structure from less prominent
parts of the seismogram such as multiply reflected phases or the
interference between phases. Many different schemes have been
employed to quantify the misfit. These include the use of the L2

norm of the difference between traces, cross-correlation methods
and combinations of envelope and phase criteria applied to dif-
ference traces (e.g. Luo & Schuster 1991; Rawlinson & Kennett
2004; Yoshizawa & Kennett 2004; Fichtner et al. 2008; Bozdag
et al. 2011; Rickers et al. 2012). The multitude of proposed mea-
sures of misfit raises questions about the extent to which the styles
of seismogram comparison are really different. Is there a common
framework within which we can recognize the different styles as
representing different aspects of a relation between seismograms?
We show that the transfer operator concept does indeed provide such
linkage.

Another application of the transfer operator comes in the repre-
sentation of the wave propagation characteristics for stations from
a common source by reference to a fixed station. This is most fa-
miliar in the context of long-period surface wave propagation, thus
the classic phase velocity analysis approach of Dziewonski & Lan-
disman (1970) is based on forming the transfer function between
the fundamental mode contribution to the surface wave portion of
the seismograms at two stations, and then extracting the phase. Be-
cause the phase is the same as that for the cross-correlation, the
correlation is often employed rather than carrying out the spec-
tral division. More sophisticated methods using multitaper spectral
techniques have been designed to minimize phase bias (Laske &
Masters 1996) and use the concept of a transfer function explicitly.
The automated methods of phase velocity estimation developed by
Trampert & Woodhouse (1995) and Ekström et al. (1997) can be
regarded as estimating the parametric representation of the trans-
fer operator for surface waves. A comparable development can be
made for body waves from a common source. The transfer opera-
tor provides a particularly useful summary for the evolution of the
complex part of the seismogram following S that can be variously
described as a superposition multiple S arrivals or higher modes of
surface waves.

Transfer functions have been employed in a number of ways in
body wave studies as in the use of ‘matched filters’ (e.g. Sigloch
& Nolet 2006) to extract frequency-dependent traveltimes, and the
construction of receiver functions (Langston 1977; Vinnik 1977),
where a deconvolution of one component by another is carried out
to remove common source and propagation effects and emphasize
converted waves generated near the receiver. Such receiver func-
tions are commonly constructed between specific components to

emphasize different aspects of the wavefield with, for example, de-
convolution of the radial component along the great circle by the
vertical component to extract converted S waves near the receiver,
and are analysed in the time domain. Transfer functions between
components have also been employed to study SKS splitting (e.g.
Vinnik et al. 1989) for determination of anisotropy. Furthermore,
in the context of adjoint method-based full waveform inversion,
the transfer operator has been used for the extraction of time- and
frequency-dependent phase or time-shift information for arbitrary
seismic phases. (Fichtner et al. 2008, 2009; Tape 2009; Tape et al.
2010)

The close relation between the cross-correlation and the trans-
fer operator means that many commonly used processes such as
determination of time-shifts by maximizing correlation with a syn-
thetic seismogram or a stack trace can be viewed as a simplified
application of the transfer function. Indeed Sigloch & Nolet (2006)
use a transfer function applied to a portion of a seismogram with
variable frequency filtering. A further application of the transfer
function is in the extraction of empirical Green’s functions from
ambient noise. Usually the stacked cross-correlation of the sig-
nals at pairs of stations is employed, but recognizing the equiv-
alence in phase, Saygin & Kennett (2010, 2012) have used in-
stead the stacked transfer function between the continuous noise
trains at the two stations. This procedure largely cancels the source
excitation spectrum of the noise, and so enhances the effective
bandwidth.

In Section 2 we present a number of different representations for
the transfer operator, which can be employed to reveal specific as-
pects of the differences between waveforms. The application of the
transfer operator to represent differences between seismograms is
presented in Section 3. We first show the use of the transfer function
to examine propagation effects for a common source relative to a
reference station. The second example is taken from an iterative
linearized inversion employing full waveforms, and we illustrate
the progression of the transfer function as a function of iteration in
both the time and frequency domains. As the inversion proceeds the
transfer function heads towards a band-passed delta function and
correspondingly to a near zero phase response.

In Section 4 we consider the application of the transfer function
to the process of inversion. We demonstrate the natural relation of
perturbations in the transfer function to perturbations in phase and
logarithmic amplitude. We then examine generic measures for time-
shifts and amplitude mismatch between seismograms and show that
in each case the transfer operator plays a central role. Differences
between different misfit functionals arise just through the nature of
the weighting functions employed.

When multiple seismograms are considered as in a structural
inversion, a variety of different specific misfit drivers can be con-
structed from the transfer operators for the individual stations tuned
to the nature of the specific inverse problem. The construction of a
single measure of fit to drive such an inversion built from the indi-
vidual station transfer functions can achieve a good balance between
the influence of different propagation paths because it is possible to
avoid domination by the strongest amplitudes on the seismogram
without the introduction of arbitrary weightings.

The transfer function thus provides a unifying concept to the
diverse methods employed for comparison of seismograms, and
allows the construction of misfit measures that avoid domination by
large amplitude arrivals. Transfer functions also have direct utility
in assessing relative propagation characteristics at seismic stations
recording a common source.
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2 T R A N S F E R O P E R AT O R S

2.1 Definitions

The transfer operator plays the role of transforming one set of
seismograms into another. Consider a reference seismogram ur and a
comparator seismogram uc, the transfer operator T cr is then defined
by

uc(t) = T crur(t). (2.1)

For full three-component seismograms the operator T cr is a tensor
operator, but normally attention will be focussed on specific Carte-
sian components and we can isolate specific components of T cr. We
make the sole assumption that the transfer operator T cr is linear.

When two vector seismograms are identical T cr reduces to the
identity operator I . Hence a measure of the similarity of the vector
seismograms is provided by the difference T cr −I . As we shall see
this measure can be exploited in a variety of ways, and provides a
unifying concept of value in both inversion and wave propagation
studies.

For comparison of seismograms, where similarities between
traces are exploited, we use the diagonal elements of T cr. However,
in receiver functions where emphasis is placed on differences in
propagation effects between components of motion, the off-diagonal
elements of T cr are to be employed. Although, commonly, receiver
functions are constructed using different components of motion
from the same seismogram, sometimes a common reference trace
has been used for a number of different stations.

We will here work mostly with comparisons between identical
components of the seismograms, and so employ a scalar transfer
operator

uc(t) = Tcrur(t). (2.2)

The transfer operator Tcr simply maps the reference trace into the
comparator trace. This operator Tcr can be implemented via a con-
volutional integral so that

uc(t) =
∫

dτ Tcr(t − τ )ur(τ ) = Tcr(t) ∗ ur(t), (2.3)

in terms of a time domain transfer function Tcr(t). Thus in prin-
ciple we can extract the transfer function by deconvolution of the
comparator trace by the reference trace.

A variety of different representations for the transfer function
Tcr(t) can be derived by convolving (2.3) with an arbitrary well-
behaved time-series ϕ(t) to obtain

uc(t) ∗ ϕ(t) = Tcr(t) ∗ {ur(t) ∗ ϕ(t)}. (2.4)

In particular, if we take ϕ(t) = ur(−t), the time reversed reference
trace,

uc(t) ∗ ur(−t) = Tcr(t) ∗ {ur(t) ∗ ur(−t)}, (2.5)

we have on the left-hand side the cross-correlation of the compara-
tor and reference traces and in the braces on the right-hand side
the autocorrelation of the reference trace. Thus the transfer func-
tion can be alternatively thought of as the deconvolution of the
cross-correlation between the comparator and the reference by the
autocorrelation of the reference trace. As we shall see (2.5) takes a
particularly simple form in the frequency domain. Numerical esti-
mates for Tcr(t) adopt a variety of strategies to ensure the stability
of the deconvolution (see Appendix A).

In the context of waveform inversion we employ the observed data
uobs as the reference trace (ur = uobs) and the corresponding syn-
thetic seismogram usynth constructed for a specific earth model and

source representation as the comparator (uc = usynth). We thereby
use a fixed reference trace over a set of iterations, and so track
the evolution of the transfer operator in the course of an inversion.
When the data and the simulation match, the transfer operator Tcr

reduces to the identity I. The goal of waveform inversion can there-
fore be expressed as minimizing the difference between the transfer
operator Tcr and the identity operator I.

The concept of the transfer operator encompasses current meth-
ods of comparing seismograms, but provides insight into their char-
acter and suggests other styles of comparisons. The representation
of Tcr is simplest in the frequency domain. However, the nature of
the representation does not alter the concept, and one can envisage
circumstances in which other forms such as convolution operators
in the time domain or some class of frequency–time analysis, for
example, through wavelets, may be more desirable.

2.2 Transfer representations

The transfer operator Tcr provides a way of describing the trans-
formations that need to be made to bring two seismic traces into
complete equivalence. How this is to be achieved depends on the
particular representations that are employed. The structure of the
transfer operator is most simple in the Fourier domain where, from
(2.3),

ūc(ω) = T̄cr(ω)ūr(ω), (2.6)

so that, in principle, we can construct T̄cr(ω) by spectral division

T̄cr(ω) = ūc(ω)

ūr(ω)
= ūc(ω)ū∗

r (ω)

ūr(ω)ū∗
r (ω)

. (2.7)

We recall that the Fourier transform of the cross-correlation be-
tween the comparator trace and the reference is ūc(ω)ū∗

r (ω), and the
transform of the autocorrelation of the observed trace is ūr(ω)ū∗

r (ω).
Thus, as noted, the transfer operator Tcr can be viewed as the de-
convolution of the cross-correlation between comparator and the
reference by the autocorrelation of the reference trace.

Because the spectral division in (2.7) can encounter zeroes in
the denominator, the process needs to be stabilized. Simple ap-
proaches are provided by the addition of a bias term in the denom-
inator ūr(ω)ū∗

r (ω) + ε so that zeroes are avoided, which we use in
the examples in Section 3, or by using a water-level method (e.g.
Clayton & Wiggins 1976). These methods preserve the phase re-
sponse, but impose some distortion on the amplitudes, and can work
well when seismograms are reasonably close. More sophisticated
procedures have been developed for both long-period waveform
studies (e.g. Laske & Masters 1996; Zhou et al. 2004) and for re-
ceiver function construction (e.g. Ammon 1991; Ligorria & Ammon
1999; Helffrich 2006) to produce unbiased spectral estimators (see
Appendix A).

Consider now an envelope and phase representation for observed
and synthetic seismograms and the transfer function T̄cr in the fre-
quency domain,

ūc(ω) = |ūc(ω)|eiϕc(ω), ūr(ω) = |ūr(ω)|eiϕr(ω),

T̄cr(ω) = |T̄cr(ω)|eiδϕ(ω). (2.8)

Based on (2.8) we can write (2.6) in the form

|ūc(ω)|eiϕc(ω) = T̄cr(ω)|ūr(ω)|eiϕr(ω). (2.9)

Now take the natural logarithm of (2.9)

ln |ūc(ω)| + iϕc(ω) = ln T̄cr(ω) + ln |ūr(ω)| + iϕr(ω). (2.10)

C© 2012 The Authors, GJI, 191, 1403–1416
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On separating the real and imaginary parts of (2.10) we obtain

ln |ūc(ω)| − ln |ūr(ω)| = ln |T̄cr(ω)|, ϕc(ω) − ϕr(ω) = δϕ(ω).

(2.11)

If there is a full correspondence between the comparator and refer-
ence traces then both the logarithmic envelope ln |T̄cr(ω)| and the
transfer function phase δϕ(ω) will be zero for all frequencies.

When working in the time domain, we can make a comparable
separation of envelope and phase characteristics by working with
the analytic signal

T̂cr(t) = Tcr(t) + iHTcr(t), (2.12)

where HTcr(t) is the Hilbert transform of the transfer function. we
can then construct an instantaneous envelope (Tcr(t)2 +HTcr(t)2)1/2

and instantaneous phase tan−1{HTcr(t)/Tcr(t)}, or stabilized quan-
tities derived by averaging over a number of time points.

2.2.1 Modal sum

When both the comparator seismogram and the reference trace can
be represented as a modal sum, we can write the transfer function
T̄cr(ω,�), for propagation distance �, in the frequency domain as

T̄cr(ω,�) =
∑N

j=1 ācj (ω) exp{iωpcj�}∑N
j=1 ār j (ω) exp{iωpr j�} , (2.13)

where pcj, prj are the slownesses for the different modes in the
comparator and reference structures. When only the fundamental
mode is dominant in the relevant window, the transfer operator
Tcr(ω,�) takes a simple form that depends on the phase difference
between comparator and reference seismograms. When we have two
seismograms recorded at different distances the phase difference
will depend on the phase slowness on the segment of the path
between them, and this is the basis of the classical method of two-
station phase velocity estimation, as employed by, for example,
Dziewonski & Landismann (1970)

2.2.2 Orthogonal basis

An alternative way of looking at the transfer function is provided
if we expand the reference and comparator traces in an orthogonal
basis

uc =
∑

j

acj | j〉, ur =
∑

j

ar j | j〉, with 〈i | j〉 = δi j .

(2.14)

Then we can recast the transfer operator equation uc = Tcrur as a
relation between the expansion coefficients for the reference and
comparator traces

aci =
∑

j

〈i |Tcr| j〉ar j . (2.15)

When Tcr is close to the identity, we would expect a closely banded
operator matrix 〈i |Tcr| j〉. In this case a fitting strategy would be
minimization of off-diagonal components. Such a projection could
be done through, for example, wavelets or a Gabor transform.

2.3 Measures for comparison

Comparisons between seismograms are commonly made in the con-
text of waveform fits, but an important secondary role comes in
summarizing the way in which the seismic wavefield evolves rela-
tive to a reference site. As we shall see, this class of applications

provides considerable insight into the nature of the transfer func-
tion in both the time and frequency domains and can help with the
interpretation of results in other contexts.

One criterion for a fit between observed and simulated seismo-
grams in the frequency domain can be the simultaneous minimiza-
tion of the absolute values of ln |T̄cr(ω)| and δϕ(ω), since both will
be zero if a perfect fit is achieved. This can be viewed as a Pareto set
problem, or alternatively one can employ a weighted combination
of the two terms. Because of the different influence of noise, we can
expect the amplitude and phase terms to behave in different ways.

In general the frequency-dependent phase of the frequency-
domain transfer function T̄cr(ω) can be determined with much
higher fidelity than the amplitude. When comparing observations
at different stations, issues arise with local site effects, instrumental
calibration and orientation. In inversion there are additional theo-
retical complications for the calculation of synthetic seismogram
amplitudes such as the influence of focussing and defocussing due
to complex structure, attenuation and anisotropy. We note that the
use of the transfer function naturally employs the logarithm of am-
plitude as a direct counterpart to phase. The logarithm helps to
mute the extraneous influences, but still logarithmic amplitude will
be less well controlled than phase.

The conventional way of representing a comparison between two
seismograms is through a criterion based on the integrated differ-
ences between the traces as a function of time, such as

�L2 = ∫
dt w(t) [uc(t) − ur(t)]

2 = ∫
dt w(t) [Tcrur(t) − ur(t)]

2

= ∫
dt w(t) (Tcr − I)2 u2

r (t), (2.16)

in terms of a suitable weighting function w(t). This misfit measure
�L2 includes modulation through the u2

r (t) term that therefore places
most emphasis on the most energetic parts of the reference seismo-
gram. The effects can be muted to some extent through a suitable
choice for the weighting function w(t). Some authors, for exam-
ple, Lebedev et al. (2005), include an amplitude scaling function in
their misfit representation. Such a term can simply be absorbed in
the transfer operator Tcr.

2.3.1 Weighted transfer functions

When using the long-period part of the seismic signal, there is
a likelihood that there will be overlap and interference between
phases. One approach is to extract a set of localized windows and
look at the measure of seismogram fit through a sum of segments
with a subsidiary transfer function for each. However, it is more
in keeping with the original concept to use a common weighting
function for both observations and synthetic seismograms. Thus we
can construct

vr(t) = w(t)ur(t), vc(t) = w(t)uc(t), (2.17)

where the weighting function w(t) is designed to modify the am-
plitude of the trace to enhance specific phase features. We can then
introduce the weighted transfer operator T w

cr such that

vc(t) = T w
cr vr(t), (2.18)

and once again our objective is to seek to minimize the difference
between T w

cr and the identity operator I. By choosing a function
w(t) that isolates, or enhances, separate phase windows we can work
with the transfer operator even where attention is oriented towards
specific parts of the seismogram rather than the whole trace. As
with the original form we can extract and work with envelope and
phase information in the frequency or frequency–time domain.

C© 2012 The Authors, GJI, 191, 1403–1416
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When working with higher frequency traces where timing dis-
crepancies may be important in determining the level of seismogram
fit, it may be preferable to allow for a time-shift in a segmented op-
erator. In this case we introduce a modified transfer function T w′

cr so
that

vc(t) = T w′
cr vr(t − τw), (2.19)

where the time-shift τw is to be adjusted to bring T w′
cr towards the

identity operator I.

2.3.2 Filter sequences

The transfer operator formalism provides a natural way to incor-
porate multiple temporal scales of fit via a hierarchy of filters. If a
linear filter is applied to (2.2)

Fuc = FTcrur = Tcr [Fur] , (2.20)

since simple frequency-domain filters will be commutative when
applied to a single component. Consider then a filter set {F j } pro-
gressing from, for example, a lower frequency to a higher frequency
perspective with increasing index j. We can examine the set of fil-
tered transfer operators {F jTcr} via the level of match between
the synthetics and the observations and refine the model for gen-
erating the synthetics by working from lower frequency to higher
frequency content. This is the strategy adopted by Pratt (1999)
in the inversion of reflection seismic data using a set of isolated
frequencies.

An alternative approach to filtering is that provided by the iso-
lation filters of Gee & Jordan (1992) designed to extract aspects
of the seismogram tuned to specific properties by cross-correlation
with both comparator and reference seismograms. The subsequent
extraction of ‘secondary variables’ via a sequence of narrow-band
Gaussian filters can be used in a similar way to optimize the transfer
properties of specific aspects of the seismograms, rather than the
whole trace.

Yoshizawa & Kennett (2002) have used a seismogram misfit cri-
terion related to the analytic transfer function (2.12) with a set of
nf frequency filters applied to both observed and synthetic seismo-
grams. Their misfit function is then a sum over the contributions
from each of the set of filters in terms of the filtered seismograms
Fi u(t) and their envelopes EFi u(t) as follows:

	 =
n f∑
i=1

∫
dt

{|Fi uc(t) − Fi ur (t)|p + γi |EFi uc(t) − EFi ur (t)|p
}

=
n f∑
i=1

∫
dt

{|(Tcr(t) − I)Fi ur (t)|p + γi |E(Tcr(t) − I)Fi ur (t)|p
}
,

(2.21)

where γ i is the weighting factor for the ith filtered envelope.
Yoshizawa & Kennett (2002) use a L3 norm, that is, p =3, that
is very sensitive to discrepancies in the waveforms or envelopes.
They note that the envelope fit is helpful for stabilizing the wave-
form fit by avoiding phase-cycle skips that may occur when only the
first term is employed. For their inversion for 1-D velocity models
they use a constant value γ i =1.5. Larger or smaller γ i tended to
diminish the waveform fit for their waveform inversions.

In certain circumstances where it is recognized that the theoretical
model is oversimplified, it may not be appropriate to expect a full
match between synthetic and data. For example if a 1-D model is
being used for the inversion of a radial receiver function, the size
of the tangential receiver function will provide an indication of

the influence of 3-D effects. We can then consider specifying an
operator J acting on the observations ur to represent an appropriate
threshold on the level of fit between synthetics and data that is
desirable given the nature of the available information. Then, rather
than forcing the transfer operator T towards the unit operator, one
should instead seek to minimize T − J .

3 NAT U R E O F T R A N S F E R O P E R AT O R S

In the case of two identical seismograms, the time domain transfer
function Tcr(t) takes the form of a delta function modulated by the
available bandwidth δB(t). As differences between uc(t) and ur(t)
increase, the transfer function Tcr(t) acquires a distinctive character
depending on the nature of the discrepancies between the traces.
Where, for instance, there is a notable difference for a narrow fre-
quency band, the transfer function will show a strong oscillation at
those frequencies. In a similar way, if there is significant misfit in the
long-period components, the transfer function will be elongated in
time with long-period oscillations. In this way the transfer function
provides a means of representing and quantifying differences in the
character of two seismograms that are visually apparent, but which
get suppressed in any single measure of fit.

3.1 Transfer operators between observed seismograms

We can gain useful insight into the nature of transfer operators be-
tween seismograms by looking at a group of seismograms from
the same source in a limited distance and azimuth range. The ma-
jor characteristics of the source will be very similar, and so the
differences in the seismograms come from path and near-receiver
effects.

In Fig. 1 we show three-component seismograms for a source to
the north of the Birdshead in New Guinea recorded on the BILBY

deployment of portable broad-band instruments in central Australia.
The locations follow the configuration of the main N–S Stuart High-
way, and we show just a group of stations spanning a distance range
of around 200 km. The source lies nearly due north of the sta-
tions and so the records are nearly naturally polarized, with the EW
component approximately transverse to the propagation path. The
general characteristic of the seismograms at this group of five sta-
tions are similar, but there are notable changes in the nature of the P
and S phases associated with the influence of the triplications in ar-
rivals returned from the upper mantle in this distance range around
20◦ epicentral distance. We also see the evolution of the fundamen-
tal mode surface waves and the complex interference zone between
S and the surface waves that can be interpreted either in terms of
multiple S arrivals or higher mode surface waves. Distinct moveout
is readily apparent for both the Love wave on the EW components
and the Rayleigh waves on the vertical and NS components.

We now choose station BL07 in the north as a reference, and
construct the transfer operators for the seismograms at the other
stations. We use spectral division in the frequency domain with a
small bias in the denominator, followed by backtransformation to
time. The results are shown in Fig. 2, where we display the transfer
functions for each of the three components as a function of time.
We include the reference trace at BL07, from which we can judge
the efficacy of the operation of spectral division, and the nature
of the available bandpassed delta function response. In Fig. 2 we
include two separate constructions of transfer functions for different
parts of the seismograms. The first pane concentrates on the P-wave
arrivals with a window length of 240 s used to construct the transfer

C© 2012 The Authors, GJI, 191, 1403–1416
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Figure 1. Three-component seismograms for an event on 2009 January 3 (Mw 7.7, 17 km deep) at the Birdshead of New Guinea almost to the north of the line
of stations in the BILBY experiment in central Australia. The components are not rotated but are nearly naturally polarized. The configuration of the source
and the portable broad-band stations are shown in the right-hand panel.

function followed by low-pass filtering below 0.2 Hz. The right-
hand window employs the full 720 s of record illustrated in Fig. 1 to
construct the transfer function, and so includes P, S and the surface
waves with a low-pass below 0.125 Hz. As the distance from the
reference station increases, the difference between the observations
and the reference seismograms becomes larger, and so the transfer
operators are more complex.

In the left-hand pane of Fig. 2 we see the progressive time offsets
in the P waves in the form of a shift in the centre of the main pulse
on the vertical and NS components. The more distant stations have
a change in the shape in the P pulse associated with the change in
interactions of the mantle triplications, and this is reflected in the
development of a negative lobe following the main peak; even so
the moveout of the P wave is well represented. The orientation of
the EW component almost perpendicular to the propagation path is
unfavourable for recording P waves and so we do not get a well-
defined peak, but there is some concentration of the transfer function
at the expected time offset.

In the right-hand pane of Fig. 2 we show the transfer function for
the full seismic traces shown in Fig. 1. Now, except for the closest
station BL08, there is not a single well-defined peak in the trans-
fer functions. This arises because of the competing influences of P
waves, S waves and the surface wavefield. Each of these wave types
have a different moveout with station separation, so there is not a
single shifted broadened delta function but a complex of contribu-
tions, with a broad range of frequency components. In particular
we see longer periods become stronger in the full transfer functions
for the stations to the south, reflecting the more elongated surface
wave signals at larger distances from the source.

The difference between the seismograms in Fig. 1 are larger than
we would hope to find in a seismic inverse problem, but are not

dissimilar to the situation that can occur at the very beginning of
an iterative inversion process. As the similarity in the character of
the seismograms improves the transfer operator between data and
synthetic becomes shorter in length and simpler in character (as we
see for the shorter separations in Fig. 2).

3.2 Transfer operators in the context of waveform
inversion

We illustrate the evolution of transfer functions in the course of
a full waveform inversion for the European region (Fichtner &
Trampert 2011a,b), by considering an event between Svalbard and
Greenland recorded at a number of stations across Europe with
a similar azimuth for the source (Fig. 3a). The initial 3-D model
used for the area, S20RTS by Ritsema et al. (1999), was derived
from prior studies using surface wave inversion. This model cap-
tures much of the general character of the recorded seismograms,
but there are major discrepancies at many stations. The waveform
inversion exploits the computation of derivatives via the adjoint
field using a frequency–time measure of fit to observed seismo-
grams (Fichtner et al. 2008). The entire suite of seismograms for
all sources are recomputed using the spectral element method at
each iteration. In this example we show results up to the 20th
iteration.

In Fig. 3(b) we show the progressive development of the sim-
ulated seismograms as the earth model is modified, together with
the corresponding transfer functions between the observed data
and the calculations for the broad-band EW component at station
KIEV. The topmost trace shows the observations and their auto-
transfer function, which represents the nature of the attainable unit
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Figure 2. Three-component transfer functions for stations in the BILBY deployment relative to the northern station BL07 for the Mw 7.7 event in New Guinea
on 2009 January 3. The left-hand panel shows the transfer function for 240 s of the P wave train with a low-pass filter below 0.2 Hz, whereas the right-hand
panel shows the transfer function for the full seismogram (720 s) with a low pass below 0.125 Hz. In each case the filtering was carried out with a four-pole
Butterworth filter.

operator for the bandwidth employed (<0.025 Hz). Beneath we
show the improvements in the synthetic seismograms at every fifth
iteration in the waveform inversion, accompanied by the corre-
sponding transfer function from the observed reference trace. In
each panel the data are shown as a dashed grey trace so the visual
differences between synthetic and the reference data trace are ap-
parent. The progressive changes in the transfer function with the
development of a much sharper main pulse arise from the improve-
ments in the earth model as the inversion proceeds. The transfer
function thus provides a convenient quantitative measure of the
progressive improvement in fit.

Initially the match of the data and corresponding synthetics at
KIEV is patchy, so the transfer function has a relatively broad re-
sponse with significant long-period oscillations. As the iterations
progress, the time alignment of the different phases improves and
the transfer functions become more peaked, but with some level of
side bands. Indeed by the 20th iteration, there is a close correspon-
dence between the synthetics and observations leading to a highly
focussed transfer operator with only a slight high-frequency ripple.
The slight overshoot in the transfer function at positive times re-
flects the differences between the synthetics and the observations in
the tail of the surface wave pulse.

It is also interesting to compare the nature of the transfer functions
in the time and frequency domains (Fig. 4). We show two examples,
the EW component at CSSO and the vertical component at ISPO, to
illustrate the situation with both Love and Rayleigh waves accom-
panied by S-wave multiples. In the upper panel for each station we

show the observed seismic traces and the calculated seismograms
for the initial model and the final model obtained after 20 iterations
of the full waveform inversion. Below we show the autotransfer
functions of the data, as well as the actual transfer functions in the
time domain. In the lower panel we show the logarithmic amplitude
and phase characteristics of the transfer functions in the frequency
domain.

At CSSO (Fig. 4a) the initial model produces a rather late high-
amplitude surface wave arrival, but by the 20th iteration of the
inversion the time and amplitude alignment is much improved. The
initial transfer function has distributed amplitude with long-period
oscillations and little concentration near time zero. After the wave-
form inversion, although there are still long-period contributions,
there is now a concentrated peak at the time origin, as we would
hope for.

In the frequency domain we note that the initial 3-D model shows
a systematic offset of the phase to positive values at long period.
This mostly reflects the delay of the complete synthetic surface
wave packet that results from large-scale inaccuracies of the ini-
tial model. In the low-amplitude contribution at higher frequencies
we encounter phase wrapping. While often regarded as a nuisance,
phase wrapping is a valuable and unambiguous indicator for wave-
form differences that are to large for (1) a meaningful measurement
of phase difference, and (2) an accurate linearization with respect
to the 3-D Earth structure, which is a prerequisite for gradient-
based iterative inversion. Rapid phase changes and phase wraps are
therefore used in practice for the automatic rejection of data in the
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Figure 3. (a) Configuration of an event between Svalbard and Greenland (M s 6.5, depth 13 km) and the seismic stations KIEV, CSSO and ISPO along a
similar azimuth, which are used to illustrate transfer functions arising in the course of a waveform inversion for structure beneath Europe (Fichtner & Trampert
2011a,b). The initial model, S20RTS by Ritsema et al. (1999), and the 3-D model achieved after 20 iterations of full waveform inversion are shown at 100
km depth. (b) Evolution of the modelled seismograms and transfer functions for the EW component at station KIEV for the Svalbard event. The upper panels
show the observed seismogram and the autotransfer function, that is, the band-limited deconvolution of the data with themselves. The autotransfer function
calibrates the shape of the pulse to be expected for the actual transfer functions. Below the calculated seismograms are shown for the initial model and each
subsequent fifth iteration of the waveform inversion. To the right we display the corresponding transfer functions with respect to the reference observed trace.

solution of waveform tomographic inverse problems (e.g. Fichtner
et al. 2008). Indeed, the shortest-period part of the spectrum at
CSSO was not used in the early stages of the waveform inversion,
which proceeds from long to short periods to circumvent cycle skip
issues and excessive non-linearity.

While the transfer function is unique within the non-zero part of
the reference trace spectrum, its exponential representation is not
because of the 2π -indeterminacy of the phase. Whether a small
transfer function phase signifies near-perfect alignment or near-
perfect cycle skip can only be decided with additional plausibility
arguments, based on, for instance, the time-domain transfer func-
tion or physical intuition. In this regard, the phase of the transfer
function is similar to any other phase- or time-like misfit measure.
The logarithmic amplitude spectrum of the observed trace is gener-
ally well matched after 20 iterations of the inversion. However, the
phase still shows a slight systematic offset to positive values. The
improvement from the initial case is very clear.

For the vertical component at ISPO (Fig. 4b) we again see a dra-
matic improvement between the initial model and the 20th iteration

of the waveform inversion with a considerable sharpening of the
transfer function. For this station the phase correspondence at the
end of the inversion is good, but there are persistent problems with
the match to the amplitude spectrum that does not improve during
the inversion. This situation is reflected in the presence of both
long- and short-period components in the transfer function ampli-
tudes and a side-lobe to the main peak in the time-domain transfer
function.

The residual long-period oscillations evident for all three sta-
tions in the time-domain transfer functions after 20 iterations of
the inversion procedure, reflect subtle misalignments in the syn-
thetics that have not been entirely eliminated during the inversion.
This can be partly explained by the relatively weak excitation of
longer-period (�80 s) oscillations that suffer from a comparatively
low signal-to-noise ratio. Although present when data and synthetic
are compared, the long-period errors are difficult to recognize be-
cause the time-domain signals are dominated by shorter-period con-
tributions. Long-period discrepancies between observed and syn-
thetic seismograms are generally rendered much more clearly in the
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Figure 4. Representation of the transfer function between observed and synthetic seismograms in the time and frequency domains. In the upper panel the
observed trace is shown in black, the seismogram for the initial model in blue and the seismogram for the model obtained after 20 iterations of the waveform
inversion scheme in red. Below the corresponding autotransfer functions of the data and the actual transfer functions from the observed traces are shown with
the same colour scheme. In the lower panel we show the response in the frequency domain with the logarithmic amplitude and phase spectra in the upper row
and the transfer functions in the lower row. (a) EW component at station CSSO and (b) vertical component at station ISPO.

time-domain transfer function. Since tomographic inversions are
driven by minimization of summary measures of fit, the transfer
functions can provide very helpful indications of the progress of an
inversion even when not used directly in the inversion scheme. In
this sense, the transfer function can be an independent guide towards
an optimized solution of the inverse problem.

For the purposes of illustration we have used the same frequency
band for each of the iterations shown in Figs 3 and 4, so that

the transfer functions are directly comparable. In the actual struc-
tural inversion for European structure a progressive broadening of
the frequency band was employed, starting with lower frequencies
where the initial phase fit was better and then bringing in higher
frequencies at a later stage.

As a result the potential cycle skips at periods less than 70 s, as at
station CSSO are suppressed and do not contaminate the later stages.
The progressive broadening of the frequency band considered for
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inversion also reduces non-linearity, thereby avoiding convergence
towards local minima.

4 M I S F I T F U N C T I O NA L S F O R
WAV E F O R M I N V E R S I O N
R E P R E S E N T E D T H RO U G H T H E
T R A N S F E R F U N C T I O N

The search for suitable misfit functionals has been a central theme in
the development of seismic waveform inversion since the simplistic
L2 distance between seismograms �L2 = ∫

dt (uc − ur)2 was found
to be impractical because of non-robustness and a strongly non-
linear dependence on structure (e.g. Gauthier et al. 1986). Following
the work of Luo & Schuster (1991) and Gee & Jordan (1992),
it has become widely accepted that time-like and amplitude-like
information should be considered separately, at least for tomography
on regional to global scales, where the nature of seismograms is
largely controlled by the transmission properties of the Earth.

In the following subsections we will present a variety of misfit
functionals for inversion expressed in terms of the transfer function
either in the time or frequency domains. When augmented with suit-
able weights, the misfit functionals can emphasize various aspects
of the transfer operator and balance the contributions of phase and
amplitude information.

Since we are now focussing on issues of inversion we will take
the observations ud as the reference trace (ur) and treat calculated
synthetic seismograms us as the comparator trace (uc). As noted
earlier this approach means that we can employ a fixed reference
through the progress of an iterative inversion scheme. For simplicity
we assume that both us and ud have been appropriately windowed
and filtered.

4.1 Misfit functionals

The choices made for misfit estimation depend strongly on the style
of inversion. For source inversion and structural inversion for a sin-
gle or few paths, direct non-linear inversion techniques work well
and a time-domain misfit function is appropriate. In contrast for full
3-D inversions an attempt is made to update a full model through
a sequence of linearized inversions, requiring derivative estimates
commonly constructed through the intermediary of adjoint calcula-
tions. In this case the precise nature of the misfit measures can have
a strong influence on the specifics of the adjoint procedure, notably
through the features of the adjoint source. Because phase alignment
is a critical component for success for the lower frequencies used
in 3-D inversions, frequency-domain misfit functions (e.g. Tromp
et al. 2005) or frequency–time measures (e.g. Fichtner et al. 2008)
have been favoured.

4.1.1 Time domain

Where attention is directed to a single path at a time, fully non-linear
methods are suitable with time-domain misfit measures (Yoshizawa
& Kennett 2002). The inversion can be carried out to extract a 1-D
model as a summary of the characteristics along the path by direct
exploration of model space using the neighbourhood algorithm of
Sambridge (1999) to minimize the chosen misfit. The synthetic and
observed seismograms can only be compared over the frequency
bandwidth available in the data, so that the achievable identity is
represented by a bandpass filtered version of a delta-function δB(t).
For the path between the pth source and qth station a suitable form

for δ
pq
B (t) is provided by the normalized autocorrelation of the data,

as employed in the second row of Fig. 4. We aim to reduce the
time-domain transfer function T

pq
sd (t) to this achievable identity and

so a simple misfit measure is

ψ
pq
B =

∫
dt w(t)

[
T

pq
sd (t) − δ

pq
B (t)

]2
, (4.1)

with a weighting function w(t). Guided by eq. (2.21) we can en-
hance the alignment of the seismograms by introducing an envelope
contribution

ψ
pq
B =

∫
dt w(t)

{[
T

pq
sd (t) − δ

pq
B (t)

]2 + γ
[
E{Tpq

sd (t)}−E{δ pq
B (t)}]2}

.

(4.2)

Further complications such as multiple filter bands as in (2.21), or
an Lp norm can readily be incorporated since no derivatives are
employed.

A time-domain match is also very suitable for source inversion
mechanism and depth inversion using a non-linear approach as
demonstrated by Marson-Pidgeon et al. (2001). In this case one can
employ measures such as (4.1), (4.2) summed over all stations.

In the most general case of waveform inversion the goal is to
reduce the transfer operator for all sources p = 1, . . . , Ns and all
receivers q = 1, . . . , Nr to the achievable identity. The practical
misfit measure �B can then be expressed as

	B =
Ns∑

p=1

Nr∑
q=1

∫
dt w(t)[Tpq

sd (t) − δ
pq
B (t)]2 , (4.3)

where the weighting function w(t) allows emphasis on specific as-
pects of the seismograms without dominance by the largest am-
plitudes (as occurs in the conventional form, eq. 2.16). Further
damping of the influence of large amplitudes can be achieved by
using the properties of the reference trace to even out amplitudes,
or by using discrete time windows for each wave type. The misfit
measure �B is then to be minimized in the course of an iterative
inversion.

4.1.2 Frequency domain

While being general and elegant, the misfit measure (4.3) suffers
from the mixing of phase information with amplitude information
that cannot be measured with comparable levels of accuracy. Eq.
(2.10) suggests that a separate reduction of frequency-dependent
phase differences can be achieved by minimizing

�ω =
Ns∑

p=1

Nr∑
q=1

∫
dω w(ω)

[
Im {ln T̄

pq
sd (ω)}]2

=
Ns∑

p=1

Nr∑
q=1

∫
dω w(ω)

[
φ pq

s (ω) − φ
pq
d (ω)

]2
, (4.4)

where again we allow for variable frequency weighting through
w(ω), which can help to tame the problem of potential cycle skips
at higher frequencies and improve linearity. For an iterative in-
version, the weight w(ω) can be adjustable as the inversion pro-
ceeds. Amplitude (envelope) information can be incorporated in
the inversion by appending the real part of the transfer operator to
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eq. (4.5):

�ω =
Ns∑

p=1

Nr∑
q=1

∫
dω w(ω)

[
Im {ln T̄

pq
sd (ω)}]2

+ Wω

Ns∑
p=1

Nr∑
q=1

∫
dω w(ω)

[
Re {ln T̄

pq
sd (ω)}]2

=
Ns∑

p=1

Nr∑
q=1

∫
dω w(ω)

[
φ pq

s (ω) − φ
pq
d (ω)

]2

+ Wω

Ns∑
p=1

Nr∑
q=1

∫
dω w(ω)

[
ln |ū pq

s (ω)| − ln |ū pq
d (ω)|]2

,
(4.5)

where the weight Wω controls the relative importance of phase and
amplitude (envelope) information. As demonstrated by Yoshizawa
& Kennett (2002), the use of envelope constraints can serve as a
useful complement to phase to improve the alignment of complex
seismograms. The second term in the measure (4.5) uses the loga-
rithm of the ratio of the amplitudes at each frequency and so helps
avoid dominance by the largest amplitudes, such as are commonly
associated with fundamental mode surface waves.

The natural choice for Wω is 1, in which case �ω from eq. (4.5)
reduces to

�ω =
Ns∑

p=1

Nr∑
q=1

∫
dω w(ω)| ln T̄

pq
sd (ω)|2. (4.6)

We note that here we use the logarithmic envelope so the influence of
imperfect amplitude information is muted compared with standard
forms, and phase fit will have a major influence.

Through the use of the variable weightings we can balance differ-
ent aspects of the transfer operator. Thus, in the frequency domain,
the overall inversion strategy can be oriented to start from lower
frequencies where match to the initial model is at its best, and then
bring in higher frequency components in subsequent iterations, for
example, by varying the weighting function wω. In this way the
phase synchronization between observations and synthetics can be
progressively carried to the more complex scenarios at higher fre-
quencies. As the model is refined, additional stations may achieve
an adequate level of fit to be incorporated into the subsequent itera-
tions of the inversions as employed by, for example, Fichtner et al.
(2009).

4.2 Relation to phase-shift and amplitude measures

We can relate the real and imaginary parts of the frequency-
domain transfer operator from eq. (4.5) to the more commonly
used amplitude and phase misfits using a simple perturbation anal-
ysis, and thereby obtain results first presented by Zhou et al.
(2004). We express the observations ud in the polar form ūd (ω) =
Ad (ω) exp{iϕd (ω)}, as in (2.8). We assume the comparator trace,
the synthetic seismogram, is close to the observations so that
we can treat it as a perturbation of the reference seismogram
ūs(ω) = [Ad (ω) + δA(ω)] exp{i[ϕd (ω) + δϕ(ω)]}. In terms of the
transfer function T̄sd (ω) we then have

ūs(ω) = T̄sd (ω)ūd (ω) = [1 + δA(ω)/Ad (ω)] exp{iδϕ(ω)} ūd (ω)

(4.7)

with T̄sd (ω) = [1 + δ ln A(ω)] exp{iδϕ(ω)}. To a first-order (Born)
approximation we can recognize the deviation of the transfer func-
tion from unity as

T̄sd (ω) = 1 + δT̄(ω) = [1 + δ ln A(ω)] exp{iδϕ(ω)}. (4.8)

As we have assumed that the phase increment δφ(ω) is small

exp{iδϕ(ω)} ≈ 1 + iδϕ(ω), (4.9)

and so

δT̄(ω) = [
1 + δ ln A(ω)

][
1 + iδϕ(ω)

] − 1. (4.10)

To first-order

δT̄(ω) = δ ln A(ω) + iδϕ(ω) (4.11)

and so we recognize the amplitude and phase measurements as

δ ln A(ω) = Re{δT̄(ω)}, δϕ(ω) = Im{δT̄(ω)}. (4.12)

Thus both the logarithmic amplitude perturbation δln A and the
phase perturbation δϕ can be recovered directly from the real and
imaginary parts of the shift in the transfer function from unity, the
value for identical traces.

To match the observed seismogram we have to augment the syn-
thetic seismogram with a perturbation ūs(ω) + δūs(ω) = ūd (ω),
and so we can express the deviation of the transfer function from
unity as δT̄(ω) = δūs(ω)/ūd (ω). Thus from (4.12) we see the direct
relation of, for example, structural perturbations on the synthetic
seismograms to the changes in the transfer function.

4.3 Generic misfit functionals

The large variety of misfit measures that have been proposed in re-
cent years (e.g. Dahlen et al. 2000; Fichtner et al. 2008; van Leeuwen
& Mulder 2010; Bozdag et al. 2011; Rickers et al. 2012) naturally
raises questions about the extent to which these measures are dif-
ferent, classifiable or understandable within a common framework.
We will show that the use of transfer functions provides a unifying
treatment, from which the various measures can be derived.

4.3.1 Time-shift measures

For a misfit measure that has the character of a time-shift �T we
seek to achieve:

T.1: The measure �T is approximately linear in the phase differ-
ence δϕ(ω) = ϕs(ω) − ϕd(ω).

T.2: When us(t) and us(t) are exactly shifted in time by δτ , that
is, ud(t − δτ ) = us(t), then �T = δτ .

The condition T.1 prevents the occurrence of excessive non-
linearity, and condition T.2 allows us to interpret the misfit mea-
sure as a time-shift and thereby gain the intuition necessary for the
meaningful solution of the inverse problem.

To derive the class of time-like measures that satisfy both the
conditions T.1 and T.2, we first note that T.1 requires �T to be
proportional to Re[i (T̄sd −1)] = −δϕ. Furthermore, when us and ud

are exactly time-shifted by δτ , we have δϕ = −ω δτ . It follows that
�T must be proportional to Re[iω−1 (T̄sd − 1)] multiplied by some
arbitrary real weighting function W T (ω). To meet the condition T.2
in full, we normalize and thus obtain

�T = Re
∫

dω iω−1 [T̄cr(ω) − 1] WT (ω)∫
dω WT (ω)

. (4.13)

Eq. (4.13) suggests that the whole class of time-like measurements
that are quasi-linear and interpretable in terms of time-shifts, are
fully described by a single weighting function W T . It should thus
be possible to write every measurement that is in accordance with
the conditions T.1 and T.2 in the form of eq. (4.13). For the example
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of the widely used correlation time-shift δτ c, proposed by Dahlen
et al. (2000), we find (see Appendix B)

δτc = Re
∫

dω iω|ūr(ω)|2[T̄cr(ω) − 1]∫
dω ω2|ūr(ω)|2 . (4.14)

The weighting function is therefore given by WT = ω2 |ūd(ω)|2.
This form highlights the bias towards phase differences in the
highest-amplitude parts of the waveform that can be overcome with
the help of time–frequency misfits (Fichtner et al. 2008) or instan-
taneous phase misfits (Bozdag et al. 2011), which give similar and
adjustable weight to all amplitudes.

4.3.2 Amplitude measures

We can construct an analogous argument for an amplitude misfit
measure �A. In this case we seek to fulfil the conditions:

A.1: The measure �A is approximately linear in the relative am-
plitude difference (|ūs(ω)| − |ūd (ω)|)/|ūs(ω)| = δ ln |ū(ω)|.

A.2: When us(t) and us(t) are exactly scaled, that is, us(t) = S ud(t)
with constant S, then �A = S − 1.

We can follow the same line of argument as that used to derive
(4.13) and now we find that for the amplitude case

�A = Re
∫

dω [T̄sd (ω) − 1] WA(ω)∫
dω WA(ω)

, (4.15)

with a frequency-domain weighting function W A(ω). In a similar
way to time-like measurements, the class of amplitude-like mea-
surements that satisfy the conditions A.1 and A.2 is fully deter-
mined by a single weighting function W A. For the special case of
the amplitude misfit δln A proposed by Dahlen & Baig (2002), we
find

δ ln A =
[∫

dt u2
s (t)

]1/2 − [∫
dt u2

d(t)
]1/2

[∫
dt u2

d(t)
]1/2

= Re
∫

dω |ūd (ω)|2 [T̄sd (ω) − 1]∫
dω |ūd (ω)|2 . (4.16)

Thus the weighting function employed is WA(ω) = |ūd (ω)|2. In a
similar way to the correlation time-shift δτ c, the L2 amplitude misfit
δln A essentially measures the discrepancies between the largest-
amplitude components, thereby disregarding potentially useful in-
formation contained in smaller-amplitude components.

The conditions T.1, T.2, and A.1, A.2 are very general expressions
of quasi-linearity and ease of interpretation. These conditions are,
nevertheless, sufficiently strong to impose a remarkably restrictive
form upon admissible time- and amplitude-like measures. This sug-
gests, in turn, that any misfit measure that departs from the generic
expressions (4.13) or (4.15) will be either rather non-linear, or not
easily interpretable in terms of time-shifts or relative amplitude
differences.

5 D I S C U S S I O N

The transfer operator provides a unifying concept for the represen-
tation of seismological measurements. Various methods of phase
velocity estimation, receiver functions, as well as generic time-shift
and amplitude-like measurements can be expressed in terms of such
transfer functions. Despite its potential, the transfer operator has so
far not been considered explicitly in general seismic waveform in-
version.

We have shown how the transfer operator between two seismo-
grams provides a means of conveniently representing the similar-
ities and differences between seismograms in both the time and
frequency domains. The behaviour of the transfer operator allows
the isolation of the reasons for difference, and hence a guide to how
such differences may be rectified.

The illustrations in Section 3.2 have been taken from a current
waveform inversion, but it is certainly possible to formulate the
waveform inversion problem directly in terms of the minimization
of the difference between the transfer operator T and the attain-
able unit operator I. In application to waveform inversion, we can,
in principle, use a wide range of measures acting on the transfer
operator T .

Our focus in Sections 4.1.1 and 4.1.2 was on either frequency-
or time-domain misfits with their respective weighting functions
in one of the domains. To optimally deal with the different ampli-
tudes of various types of waves, both time and frequency weighting
should be combined. One possible approach is to upweight low-
amplitude body waves in the observed and synthetic time-domain
seismograms, prior to the computation of the transfer function. A
frequency-domain weighting of this modified transfer function can
then be used to focus on or exclude parts of the spectrum. This
approach was effectively taken by Fichtner et al. (2008, 2009). Al-
ternatively, one may construct a set of transfer functions, one for
each window chosen in the time domain to isolate specific phases.
Each transfer function can then be separately weighted in both time
and frequency. Tape et al. (2010) adopted this approach in the wave-
form inversion for Southern California.

In addition to providing insight into the nature of waveform dif-
ferences, the transfer function formalism allows us to derive generic
classes of time-shift and amplitude-like measurements that satisfy
common-sense requirements of quasi-linearity and ease of interpre-
tation (eqs 4.13 and 4.15). Each of the two misfit classes is defined
in terms of the transfer function; and the class members, that is,
the specific measures, are fully determined by a single weighting
function. This result highlights the unifying character of the transfer
function, but also has enormous practical relevance for the design
of measurements. The design of misfit measures, targeted at spe-
cific aspects of the Earth’s structure, can be reduced to the search
for a weighting function that controls the extent to which different
frequencies in the transfer function are taken into account. Any de-
parture from the generic time-shift and amplitude-like measures will
lead to measurements that are either non-linear or not interpretable
in terms of time-shifts or relative amplitude differences. Both prop-
erties are potentially disadvantageous for the efficient solution of
an inverse problem. Regardless of the specific definition of a misfit
measure, the corresponding Fréchet derivatives with respect to earth
model parameters can be computed conveniently with the help of
adjoint techniques (e.g. Tromp et al. 2005; Fichtner 2010), provided
due attention is given to the nature of the quantities appearing in the
misfit measure.
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A P P E N D I X A : C O N S T RU C T I O N O F
T R A N S F E R O P E R AT O R S

Computational methods for the construction of transfer functions
can draw on developments from receiver function studies and stud-
ies of long-period waveforms. The transfer function can be con-
structed directly by deconvolution in the time domain as in the
work of Ammon (1991) and Ligorria & Ammon (1999) or using
multitaper methods in the frequency domain, for example, Park
et al. (1987) and Helffrich (2006).

A significant issue in the application of transfer functions in the
frequency domain is the ambiguity in phase by multiples of 2π .
This caused considerable difficulty in the early days of two-station
phase velocity estimation (Dziewonski & Landisman 1970) when
there was little external reference available.
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In applications to inversion the objective is to minimize the
frequency-dependent phase and logarithmic amplitude of the trans-
fer function and it is important to remain on the correct branch of the
phase and avoid cycle skips. This can be achieved by a strategy in
which the the frequency-domain transfer function is constructed by
starting from long periods and working towards higher frequencies.
The long wavelength components of the Earth’s structure are gener-
ally well determined and so, with a suitable initial model, the phase
difference between synthetics and observations should lie within a
cycle for the longest periods. The phase can then be tracked towards
shorter periods without introducing cycle skips.

For portions of the seismogram that comprise superposition of
multiple arrivals, the assumption of smooth phase may not be justi-
fied. An important example with significant higher frequency com-
ponents is provided by the zone of multiple S arrivals or multiple
higher modes following the main S phase. An appropriate strat-
egy is then to progressively expand the frequency window over the
course of the iterative inversion, so that the frequency-dependent
phase remains stable. Once the seismograms become sufficiently
complicated, with many interfering arrivals, the best approach is to
work with the time-domain forms, as used in receiver functions.

Since we work with only segments of seismograms with non-
stationary spectral properties we will always have limitations on the
rendering of the frequency-domain response (Percival & Walden
1993). Such difficulties can be mitigated by using methods that limit
spectral bias such as the multitaper method used by, for example,
Park et al. (1987), Laske & Masters (1996), Zhou et al. (2004) and
Helffrich (2006). The multitaper approach (Thomson 1982) is based
on using a suite of orthogonal windowing functions (‘tapers’) based
on Slepian filters (Slepian 1978). Each of the windowing functions
is concentrated in a limited band in the frequency domain. By
combining the results from the multiple taper functions the final
spectral result minimizes spectral bias and provides, in addition, an
estimate of the error in the spectrum.

All estimates of transfer functions carry with them the imprint
of their construction technique, which will in turn influence the de-
tails of misfit measures and related Fréchet derivatives. In practice,
however, this influence is small when regularization is performed
carefully. Furthermore, regularization artefacts mostly appear near
the edges of the considered frequency band where they can be elimi-
nated in an automatic fashion via windowing of the transfer function
in the frequency domain.

In this paper we have adopted a direct definition of the trans-
fer function, so that the frequency-domain representation of the
complex transfer function T̄cr(ω) is by spectral division with appro-
priate regularization. An alternative approach is employed by Laske
& Masters (1996) and Zhou et al. (2004), who adopt a least-squares
procedure to define their style of transfer function for a multitaper
spectral estimate. Applying windowing with a set of orthogonal ta-
pers hj(t) the effect in the frequency domain is a set of convolutions;
defining

ūc
j (ω) = ūc(ω) ∗ h̄ j (ω), ūr

j (ω) = ūr(ω) ∗ h̄ j (ω) (A1)

the least-squares transfer function T̆cr(ω) is to be determined such
that

∑
j [ū

c
j (ω) − T̆cr(ω)ūc

j (ω)]2 is minimized. Thus,

T̆cr(ω) =
∑

j ūc
j (ω)ūr∗

j (ω)∑
j ūr

j (ω)ūr∗
j (ω)

, (A2)

and the deviation of this style of transfer function from the desired
identity, δ	Tcr(ω), can be represented in terms of the difference be-
tween the projections of the comparator and reference traces on the

multitaper basis

δT̆cr(ω) =
∑

j

(
ūc

j (ω) − ūr
j (ω)

)
ūr∗

j (ω)∑
j ūr

j (ω)ūr∗
j (ω)

, (A3)

from which specific derivative forms can be calculated when the
trace difference is small.

A P P E N D I X B : C O R R E L AT I O N
T I M E - S H I F T S A N D L 2 A M P L I T U D E
M I S F I T S I N T R A N S F E R F U N C T I O N
N O TAT I O N

The correlation time-shift or traveltime difference δτ c in the sense
of Dahlen et al. (2000) is defined as the time where the cross-
correlation function c(t) = ∫

dt′ ud(t′ − t) us(t′) between appropri-
ately windowed seismograms us and ud attains its global maximum.
This requirement implies that δτ c is implicitly given by∫

dt ∂t ud (t − δτc) us(t) = −
∫

dω iω |ūd (ω)|2 T̄sd (ω) eiω δτc = 0,

(B1)

where the frequency-domain expression is a result of Parseval’s the-
orem for cross-correlations, and we have introduced the frequency-
domain transfer function T̄sd . Assuming T̄sd ≈ 1 and δτ c 
 1, we
obtain a first-order approximation to (B1):

δτc

∫
dω ω2|ūd (ω)|2 − Re

∫
dω iω|ūd (ω)|2[T̄sd (ω) − 1] ≈ 0.

(B2)

Rearranging eq. (B2), and replacing ≈ by = for simplicity, gives an
explicit expression for δτ c:

δτc = Re
∫

dω iω|ūd (ω)|2[T̄sd (ω) − 1]∫
dω ω2|ūd (ω)|2 . (B3)

Eq. (B3) reveals that δτ c fulfils the principal conditions T.1 and T.2
for a time-like measurement.

For the L2 amplitude misfit δln A, as proposed by Dahlen & Baig
(2002) we can obtain a similar expression:

δ ln A = As − Ad

Ad
=

√∫
dt u2

s (t) −
√∫

dt u2
d(t)√∫

dt u2
s (t)

(B4)

Again assuming T̄sd ≈ 1, yields

δ ln A ≈ 1

2

∫
dω |ūd (ω)|2 [|T̄sd (ω)|2 − 1]∫

dω |ūd (ω)|2

≈
∫

dω |ūd (ω)|2 [|T̄sd (ω)| − 1]∫
dω |ūd (ω)|2 .

(B5)

Using the first-order relation Re(T̄sd −1) = |T̄sd |−1, we can rewrite
(B5) as

δ ln A = Re
∫

dω |ūd (ω)|2 [T̄sd (ω) − 1]∫
dω |ūd (ω)|2 , (B6)

where we have again replaced ≈ by =, keeping in mind that this is
again a simplification. The L2 amplitude misfit δln A clearly satisfies
the requirements A.1 and A.2 for amplitude-time measurements,
formulated in Section 4.

We note the remarkable similarity between eqs (B3) for δτ c and
(B6) for δln A.
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