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[1] Multivalued traveltimes have traditionally not been used in seismic imaging, with only a handful of
notable exceptions in the field of exploration geophysics. For studies at local and regional scales (e.g., local
earthquake/teleseismic tomography), the focus has largely been on first arrivals, with numerous ray- and
grid-based schemes developed for their calculation. However, later arrivals often contribute to the length
and shape of a recorded wave train, particularly in regions of complex geology. These arrivals are likely to
contain additional information about seismic structure, as their two point path differs from that of the first
arrival; in particular, they are more amenable to sampling regions of lower velocity. In this work the
wavefront construction principle is used as the basis of a new scheme for computing multivalued
traveltimes that arise from smooth variations in both velocity structure and interface geometry. The idea is
to represent the wavefront as a set of points in reduced phase space and use local ray tracing and
interpolation to advance the wavefront in a series of time steps. The scheme is robust in the presence of
strong velocity heterogeneity and interface curvature, with phases comprising multiple reflections,
refractions, and triplications successfully tracked. Outside the field of exploration seismology wavefront
construction techniques are rarely used, yet they hold great potential for addressing problems in other areas
of seismology. This paper demonstrates the viability of the new wavefront construction scheme by
applying it to a range of scenarios, including multiarrival body and surface wave tomography, teleseismic
receiver function prediction using Gaussian beams, and the tracking of global phases such as PcP.
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1. Introduction

[2] The calculation of ray traveltimes through a
medium with a heterogeneous velocity distribution
still remains the foundation of many applications
that rely on the high-frequency component of
seismic records, such as body wave tomography,
migration of reflection data, and earthquake relo-

cation [e.g., Thurber, 1983; Gray and May, 1994;
Hammer et al., 1994; Steck et al., 1998]. Despite
many decades of technique development [e.g.,
Julian and Gubbins, 1977; Vidale, 1988; Sethian
and Popovici, 1999], there is still no single method
that can accurately, efficiently, and robustly over-
come the nonlinearity of the two point problem and
compute multiarrivals in complex media. The aim
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of this paper is to advance the current state of
the art in seismic wavefront tracking in two
dimensions for heterogeneous media and to inves-
tigate the potential of multiarrival information for
improving various seismic applications including
tomography.

[3] Both continuous and discontinuous variations
in wave speed can cause seismic energy to travel to
a receiver along more than one path, a phenome-
non commonly referred to as multipathing. This is
illustrated in Figure 1 where a wavefront triplicates
due to the presence of a low-velocity anomaly,
resulting in the detection of three separate arrivals
at the receiver. The shape of the self-intersecting
wavefront at time t + Dt resembles what is often
described as a swallowtail. The first arrival path
avoids the low-velocity anomaly, which is subse-
quently sampled by the second and third arrival.
Clearly, later arrivals sample different parts of the
medium and therefore should carry additional
structural information. However, most practical
algorithms for tracking wavefronts can only
provide the traveltimes of first arrivals [e.g.,
Rawlinson and Sambridge, 2004a; Buske and
Kästner, 2004; de Kool et al., 2006]. While it is
true that standard ray tracing methods can locate
later arrivals, their reliability in doing so rapidly
decreases as the complexity of themedium increases
(for an effective demonstration, see Figure 32 of
Rawlinson et al. [2007]). As such, they cannot be
viewed as viable techniques for the routine predic-
tion of multipathing. The development of advanced
and computationally practical schemes for tracking

multiple arrivals through complex two- and three-
dimensional media would allow the prediction
of many more observable phases, which has the
potential to benefit many areas of seismology.

[4] Traditionally, the method of choice for the
computation of traveltimes has been ray tracing,
i.e., computing the characteristics of the eikonal
equation. [e.g., Julian and Gubbins, 1977; Pereyra
et al., 1980; Zelt and Ellis, 1988; Virieux and
Farra, 1991; Červený, 2001]. Ray tracing between
a source and receiver can be achieved by shooting
or bending rays. The shooting method relies on
repeated solution of an initial value problem in
order to locate two point paths. Rays are initiated at
the source point with different initial directions and
tracked through the medium by solving the appro-
priate initial value formulation of the ray tracing
equation [e.g., Červený et al., 1977; Červený,
2001]. This step is highly accurate and efficient,
even in the presence of interfaces, and allows
various seismic wave properties, like geometrical
spreading, attenuation, and amplitudes, to be pre-
dicted. It is also possible to compute synthetic
seismograms, based on seismic properties calculated
along the rays, using techniques like the Gaussian
beam method [Červený and Pšenčı́k, 1984] or
Maslov integration [Chapman, 1985].

[5] The challenge, however, is to determine the
initial direction vector of the ray that will hit a
particular receiver. This two point problem of
finding a source-receiver ray path can be formu-
lated as an optimization problem, in which the

Figure 1. Schematic diagram showing ray paths for a medium containing a slow velocity anomaly. The wavefront
triplicates and three arrivals are observed. The ray path for the first, second, and third arrivals are shown in red, green,
and blue, respectively.
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unknown is the initial direction vector of the ray,
and the function to be minimized is a measure of
the distance between the ray endpoint and receiver.
Since the optimization problem is nonlinear, a
range of iterative nonlinear and fully nonlinear
schemes have been employed [e.g., Julian and
Gubbins, 1977; Sambridge and Kennett, 1990;
Virieux and Farra, 1991; Velis and Ulrych, 1996].

[6] A common alternative to tracing rays is to
compute the first arrival traveltime to all nodes of
a grid which spans the medium [e.g., Vidale, 1988;
van Trier and Symes, 1991; Kim and Cook, 1999;
Sethian and Popovici, 1999]. The resulting
traveltime field implicitly contains the wavefront
location as a function of time (i.e., isochrons of the
traveltime field), and all possible first arrival ray
paths are given by the gradient of the traveltime
field. In these Eulerian schemes the wavefront is
tracked implicitly. Grid-based methods have
evolved to the point where many can guarantee
to locate the first arrival traveltime and ray path to
all points of the medium [e.g., Rawlinson and
Sambridge, 2004a; Buske and Kästner, 2004], even
for highly heterogeneous media, where boundary
value ray tracing is likely to perform poorly.

[7] The question of whether or not first arrivals are
sufficient for imaging complex structures was
posed soon after the appearance of first arrival
finite difference techniques. In the context of
exploration geophysics, Geoltrain and Brac
[1993] conjectured that most of the wavefield
energy is contained in later arrivals and therefore
first arrival traveltimes are not sufficient to give a
good migration image. There have been attempts to
compute multivalued traveltime fields using only a
first arrival solver. However, these schemes often
include a rather ad hoc procedure for dividing the
computational domain into single valued subre-
gions, followed by application of a first arrival
solver in each subregion. The solutions for the
different subregions are then superimposed to con-
struct the multivalued traveltime field [e.g., Fatemi
et al., 1995; Benamou, 1999].

[8] In this work wavefront tracking refers to
schemes in which the wavefront is described ex-
plicitly (i.e., by a set of points and not as the
isochron of a traveltime field). These Lagrangian
approaches to the problem of seismic wavefront
tracking were introduced in two dimensions by
Lambaré et al. [1992] and Vinje et al. [1993] and
in three dimensions by Vinje et al. [1999]. The
advantage of explicit wavefront tracking is that it
can be used to track all arrivals of a wavefront. The

basic principle is that a wavefront can be evolved
by repeated applications of local ray tracing to a set
of points lying on the wavefront. New points can
be interpolated at each step to overcome the under-
sampling problems that may arise as the wavefront
expands and distorts due to velocity heterogeneity.
Redundant points could also be removed to im-
prove efficiency, but to date, no published wave-
front tracking scheme has implemented such a
procedure.

[9] We begin by introducing the concept of a
reduced phase space distance criteria for maintain-
ing a fixed density of points on the wavefront. In
reduced phase space, a triplicating wavefront
unravels into a smooth curve, which makes adding
and removing points a much more straightforward
task. This forms the core of our multiarrival wave-
front tracking algorithm. We then discuss how
arrival times and ray paths can be extracted once
the wavefront tracking is completed. Multiarrival
wavefront tracking is then combined with the
Gaussian beam method, which traditionally relies
on ray tracing to compute all arrivals. We conclude
by discussing the potential of multiarrival tomog-
raphy using body wave or surface wave data sets.

2. Method

[10] The idea of explicitly tracking a wavefront by
advancing a set of points using local ray tracing
and interpolation has been investigated over the
last decade and half, mainly in the exploration
seismology field [e.g., Vinje et al., 1993; Lambaré
et al., 1996; Buske and Kästner, 2004]. However,
in these earlier studies, ray density has been
defined only in normal space, for example,
the metric distance between neighboring rays
[Lambaré et al., 1992; Vinje et al., 1993; Ettrich
and Gajewski, 1996] or the angular distance [Sun,
1992]. These definitions of ray density tend to
encounter difficulties if the wavefront starts to
develop a swallowtail pattern; they are only loosely
correlated to the complexity of the ray field. In this
work ray density is measured using a metric
defined in reduced phase space.

2.1. Reduced Phase Space

[11] Wavefront tracking in phase space using a
Lagrangian framework has been done previously
by Lambaré et al. [1996] and Lucio et al. [1996]
using the Hamiltonian formulation of ray theory.
For a wavefront in two-dimensional real space (or
normal space) a four-dimensional phase space can
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be constructed where the four coordinates are the
two components of the position vector and the
slowness vector. The characteristics of the eikonal
equation in phase space are given by [e.g.,
Červený, 2001; Chapman, 2004]

dx

dt
¼ c

p

jpj ;

dp

dt
¼ �jpjrc;

ð1Þ

where p = rT is the slowness vector, x is the
position vector in real space, c is the speed, and t is
the time. This is the Hamiltonian formulation of
ray theory, where the rays are the bicharacteristics
in (x, rT) (or just characteristics in x) and the
wavefront is generally known as the bicharacter-
istic strip [e.g., Chapman, 1985; Osher et al.,
2002]. It defines the direction and location of the
wavefront.

[12] Instead of using four-dimensional phase space
it is also possible to define a reduced phase space
[e.g., Osher et al. 2002] which is three-dimensional
for a wavefront in two-dimensional real space. The
third component is defined by the angle the slow-
ness vector forms with the x axis (see Figure 2).
The two components of the slowness vector de-
scribing the motion of a node on the wavefront Tx
and Ty are essentially combined into q, the direc-
tion of the local wavefront normal or slowness
vector, using the relationship tan q = (Ty/Tx).

[13] To transform a wavefront from two-dimen-
sional real space into three-dimensional reduced
phase space, one can calculate the direction q of the
local wavefront normal and use it as the third

coordinate. The bicharacteristic strip will therefore
not self-intersect as two intersecting rays will
always propagate in different directions, i.e., have
different q values. The other advantage of reduced
phase space is that wavefronts containing sharp
corners will be described by a locally smooth
bicharacteristic strip (see Figure 3). Whenever the
position of the wavefront is required, the bichar-
acteristic strip is mapped back into normal space.
The use of a phase space distance metric is a key
element of the Lagrangian method employed here
and is superior to the alternative of using a metric
defined in normal space. Lambaré et al. [1996] use
a similar criterion for the ray density in phase space
within their Hamiltonian formulation of ray theory.

[14] The bicharacteristic strip is evolved through
the medium in a series of discrete time steps. For a
given time step Dt, the strip is updated using a
two-stage procedure. In the first stage, all points
are evolved in time by using a fourth-order Runge
Kutta solver [e.g., Press et al., 1992] for the
following initial value formulation of the kinematic
ray tracing equation [e.g., Červený, 2001]:

dx

dt
¼ c cos q;

dy

dt
¼ c sin q;

dq
dt

¼ cx sin q� cy cos q;

ð2Þ

where c(x, y) defines the wave speed, cx and cy are
its derivatives in the x and y direction, respectively,
and q is the inclination angle of the ray at (x, y).
Surface waves can be tracked by using the system

Figure 2. Reduced phase space representation of a two-dimensional wavefront. (a) Ray trajectory from the
wavefront supplies third dimension q. (b) Wavefront in normal space (black line) and corresponding bicharacteristic
strip (red line) in reduced phase space.
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of equations for kinematic ray tracing on a sphere
[e.g., Červený, 2001; Aki and Richards, 2002;
Bukchin et al., 2006].

[15] Smooth variations in wave speed c(x, y) are
defined by a mosaic of cubic B-spline area ele-
ments, the values of which are determined by a
regular mesh of control vertices. The benefit of
cubic B-spline functions is that the first and second
derivatives of the resulting field are continuous and
given by an analytical expression.

[16] Once all points along the bicharacteristic strip
at time t have been updated to the new strip at time
t + Dt, points can then be added or removed
depending on their separation in reduced phase
space. The aim is to keep a fixed density of points
along the bicharacteristic strip in order to minimize
the loss of detail as the wavefront progresses
through the medium. As the evolving wavefront
distorts in response to velocity heterogeneity,
points may also cluster together, resulting in over-
sampling. It is therefore desirable to allow points to
be removed, as it will increase the accuracy to
computation time ratio.

[17] If s represents the initial distance between
adjacent points along the bicharacteristic strip, then
a new point is added if the distance between two
neighboring points exceeds 2s, and an existing
point is removed if the distance falls below s/2.
The position of a new point in reduced phase space
is determined using linear or higher-order interpo-

lation between its two neighbors. Using a factor of
2 means that the point density will stay close to the
initial value during the propagation of the bichar-
acteristic strip. For the calculation of the distance
between two neighboring points, the two metric
coordinates x and y are normalized to lie in the
same range as q (i.e., in [�p, +p]). This scaling
allows the norm distance measure in reduced phase
space to be defined and hence the point density.

[18] Figure 4 illustrates the advantage of using the
concept of a phase space distance for the refine-
ment compared to angular or metric distance used
in normal space. Here a plane wave enters the
medium from the bottom and propagates to the
top. Clearly, the endpoints of the swallowtail are
distorted when the metric distance is used to
decide when to add or remove points but well
represented when the reduced phase space distance
is employed.

2.2. Interfaces

[19] Discontinuities in the velocity field, for exam-
ple the boundary of a salt dome or the Moho, give
rise to another class of phase in the form of
reflected and refracted wavefronts. These wave-
fronts may be multivalued, if the impinging wave-
front is multivalued, or if the geometry of the
interface is such that significant focusing or defo-

Figure 4. A plane wave parallel to the x axis at y = 0
propagates in the positive y direction. The wavefront
begins to triplicate and forms a swallowtail due to the
low velocity in the center. (right) When the reduced
phase space distance is used as a criterion for adding
points, the swallowtail pattern is better recovered
compared to when (left) the metric distance is used.
The initial plane wave is in both cases represented using
25 points.

Figure 3. Swallowtail pattern of a wavefront. The
sharp corners in normal space (green segments) are
given by a smooth representation in reduced phase
space. The intersecting segments in normal space (red
lines) do not intersect each other in reduced phase space.
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cusing occurs. In the following treatment, the
Lagrangian scheme is extended so that it can be
used to compute multivalued traveltimes in the
presence of interfaces.

2.2.1. Interface Representation

[20] In this work, interfaces are defined by a set of
control points with cubic B-splines used to de-
scribe the position of the interface as a function of
incremental path length. This allows overturning
boundaries and isolated bodies to be represented.

[21] A regular grid of nodes coupled with cubic B-
splines is used to describe smoothly varying ve-
locity fields within both layers and isolated bodies.
This concept of assigning an individual velocity
grid to each layer can be extended by using two
velocity grids for each layer, one for P waves and
one for S waves, which allows mode conversions.

2.2.2. Wavefront Propagation in the
Presence of Interfaces

[22] If there are multiple layers present, a natural
approach for tracking the wavefront is to consider
its propagation in each layer separately. Such a
multistage method for computing traveltimes in a
layered model has also been used by Rawlinson
and Sambridge [2004b], in the context of implicit
wavefront tracking with the fast marching method.

[23] Figure 5 illustrates the multistage approach
used in this work. When the position of a point
on the bicharacteristic strip is updated for a given
time step, a check is made to see whether a portion
of the path between its current and previous
position lies in a grid cell which contains an
interface. If the ray crosses the interface, an inter-
section point is calculated. Having finished the
propagation of a wavefront in a given layer, all
the points have either left the computational do-
main or are lying on an interface. In the latter case
the arrival time, angle of incidence, and local
direction of the interface normal are known, so a
reflected or refracted wave can be initialized.
Following application of Snell’s law, the starting
position and time of each point of the departing
bicharacteristic strip is now known.

[24] In practical applications traveltimes and rays
are needed for a limited set of paths. In our scheme
a path is defined by a set of segments, where each
segment contains information about the wavefront
to be tracked in a given layer, i.e., the origin of the
wavefront (source point or an interface), the type of
wave (P, SV, or SH and direct, reflected, or

refracted), and its destination (an interface identi-
fier). In conventional ray tracing methods this type
of phase identification is often referred to as a path
signature or a ray code [e.g., Červený, 2001]. For
any path signature the new scheme computes first
and later arrivals if they exist. This means that a
path signature may represent a family of rays
between source and receiver, as illustrated in
Figure 5 where the three red rays have the same
path signature but different arrival times and
propagation paths.

[25] When several path signatures are specified for
a particular source, the paths often differ from each
other only after a number of reinitialization steps.
Every path will, for example, require the wavefront
which propagates through the region in which the
source is located. In order to avoid having to
recompute wavefronts, a tree structure containing
all the wavefronts needed for the different path
signatures is built (see Figure 5). As shown in
Figure 5, the wavefront for certain path signatures
may have gaps (i.e., a shadow zone). In this case,
not every point on the surface can be reached by a
ray which bounces off the lower boundary and then
refracts at the upper boundary of the middle layer
(see Figure 5, stage 2b).

2.3. Extracting Arrival Information

[26] In most practical applications, the source-re-
ceiver traveltime, and in many cases the associated
ray paths, are needed rather than the wavefronts.
The main challenge in extracting this information
is to locate the receiver in an irregular and poten-
tially multivalued traveltime field. Since the wave-
front is explicitly defined at each time step, it is
possible to identify the two consecutive wavefronts
at times t and t + Dt and the adjacent ray paths that
together bound a receiver. Using the two wave-
fronts and the associated ray path segments be-
tween the points on the wavefront a set of adjacent
polygons can be defined. The problem of calculat-
ing an arrival time at a receiver then becomes one
of identifying the polygon in which a receiver is
located.

[27] Testing whether a point lies inside a polygon is
a basic operation in computer graphics. The ap-
proach adopted in this work is the so-called cross-
ing method [Haines, 1994], where one traces a line
from the receiver horizontally (increasing x and
constant y) and counts how many edges it crosses.
If the number of edges crossed is even, the point
lies outside the polygon; if it is odd, the point lies
inside the polygon. If it has been determined that a
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