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ABSTRACT
The performanceof oil reservoirs is inherentlyuncertain: dataconstrainingthe rock and rock-

fluid propertiesis availableat only a small numberof spatiallocations,andothermeasurementsare
integratedresponsesproviding limited constraintsonmodelproperties.Calibratingareservoir modelto
observeddatais timeconsuming,andit is rarefor multiplemodelsto be‘history matched’.Uncertainty
quantificationusuallyconsistsof identifyinghigh-sideandlow-sideadjustmentsto thebasecase.

The NeighbourhoodAlgorithm is a stochasticsamplingalgorithmdevelopedfor earthquake seis-
mology. It works by adaptively samplingin parameterspaceusinggeometricalpropertiesof Voronoi
cells to biasthesamplingto regionsof goodfit to data.Thealgorithmevaluatesthehigh dimensional
integralsneededfor quantifyingtheposteriorprobabilitydistributionusingMarkov ChainMonteCarlo
runon themisfit surfacedefinedon theVoronoicells.

Thispaperdescribestheuseof theNeighbourhoodAlgorithm for obtainingmultiplehistorymatched
reservoir modelsandusing the ensembleof modelsto quantify uncertaintyin reservoir performance
forecasting.We describethechangesneededto generatemultiple historymatchedmodels,andto sam-
ple from theposteriordistribution to quantifyuncertaintyin forwardpredictions.

Effectivequantificationof uncertaintycanrequirethousandsof reservoir modelruns,eachof which
cantakeseveralminutesfor arelatively coarsegrid to severalhoursfor afinegrid. As partof thispaper,
we describethe useof approximatestreamlinesimulationsto rapidly explore parameterspace.This
allowsusto switchto slowerconventionalsimulationin regionsof goodfit to thedata.

We demonstratethe performanceof the algorithmon the SPE10th Comparative SolutionProject
dataset.This is abenchmarkdatasetfor whichafinegrid reservoir descriptionis known. Wetakethisas
”truth” andusea coarsermodelto matchthehistorydatafor a limited periodof time. We thenpredict
both the maximumlikelihoodperformanceandthe uncertaintyenvelopefor the remainingtime. The
maximumlikelihoodsolutionis closeto thetruthcasefor muchof thetime,andthetruesolutionalways
lieswithin theuncertaintyboundspredictedby thealgorithm.
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INTRODUCTION
Mathematicalmodelingof complex systemsis commonin many branchesof scienceand

engineering.In petroleumreservoir modelingthesystemof interestconsistsof thepetroleum
reservoir rock andthevariousfluids (oil/gas/water),flowing throughtherock. Theproperties
of interestusuallyincludethoserelatedto thetransmissionandstoragecapacityof thereservoir
rock.

Theprincipalaim is to accuratelypredictthereservoir performanceandfacilitatethemak-
ing of economicandmanagementdecisions.Themathematicalmodelsusephysicalproperties
of thereservoir suchasits geometryandfluid flow properties,andthepredictive accuracy of
themodelsdependson theaccuracy with which thesephysicalpropertiesareknown.

Direct measurementsprovide dataaboutporosityandpermeabilityfields. Thesedataare
obtainedfrom coresamplestakenfrom explorationwells. Typically, thecoresareof theorder
of GIH(JLKNMPOQGIH(JLK	R of thereservoir volume.

Theothersourcesof dataarethoseinferredfrom logs,well testsor from reservoir produc-
tion data.Sincetheseinferreddatainvolve averagedresponsesover larger lengthscales,there
is a largedegreeof uncertaintyassociatedwith them.

Sincethereis a largedegreeof uncertaintyinherentin thereservoir description,thereser-
voir modelis uncertain.During theproductionstageof thereservoir, oneobtainsdynamicdata
in the form of oil, waterandgasproductionrates,aswell aspressureprofiles. In contrastto
the staticdata(e.g.,geometryandgeology),thesedataarea direct measureof the reservoir
responseto therecovery processin application.Hencetheonly way to reducetheuncertainty
in the reservoir model is to constrainthe numericalmodelto the dynamicdata. The process
of incorporatingsuchdynamicdatain thegenerationof reservoir modelsis known ashistory
matching. Thus in history matching,by adjustingmodelparameters,e.g.,permeabilityand
otherflow properties,oneaimsat obtaininga modeloutputwhich is ascloseto the history
(dynamical)dataaspossible.

History matchinginvolvesdeterminingthemodelparameterson thebasisof theobserva-
tion data.History matchingis thereforean inverse problem. Specifically, thehistorymatching
problemis anon-linear, inverseandill-posedproblem.As is typicalof inverseproblems,rather
thanobtainingauniquesetof historymatchingmodelparameters,thereexistsa family of sets
of parameters,all of whichwill give goodfits to thehistorydata.

Sincehistorymatchingis characterizedby non-uniqueness,anobviousmethodof estimat-
ing the uncertaintywould be to generatemultiple reservoir realizations,i.e., an ensembleof
modelswhich all honorthe history data,andforecastfuture productionusingthis ensemble.
Thespreadin thepredictionsof themultiple reservoir realizationswill in general,be indica-
tive of thedegreeof uncertaintyin theforecasts.Recentapproachesto historymatchinghave
recognizedthatquantifyinguncertaintyrequiresgeneratingmultiple reservoir realizations.In
practicehowever, a major challengeis how to generatetheserealizationsby an exhaustive
explorationof theparameterspace,if thegeneratedmodelsareto correctlyquantifytheuncer-
tainty. Further, for problemswith high input-outputdimensions,eachrunof thesimulatormay
beveryexpensive in CPUtime. For mostconventionalsimulators,asingleruncantakeseveral
minutesfor a relatively coarsegrid to severalhoursfor afinegrid. Hencepartof thechallenge
is finding ameansof rapidly exploreparameterspace.

Thispaperpresentastochasticsamplingalgorithm,theNeighourhoodAlgorithm, for gen-
eratingmultiple reservoir realizationsconditionedon historydata. Thenew searchalgorithm
makesuseof geometricalconstructsknown asVoronoicells to derive thesearchin parameter
space.Thegeneratedensembleis usedto quantifyuncertaintyin aBayesianframework.
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THE NEIGHBOURHOOD APPROXIMATION ALGORITHM
TheNeighbourhoodApproximationalgorithm(NA) is astochasticsamplingalgorithmde-

velopedoriginally for earthquakeseismology. For afull descriptionof thealgorithm,see(Sam-
bridge1999a)and(Sambridge1999b).Thealgorithmexploresparameterspaceusinggeomet-
rical constructsknown asVoronoi cells, see(Okabeet al. 1992),(Sambridge1999a). Here,
we adaptit to theproblemof generatingmultiple historymatchingmodels.TheNA algorithm
generatesmultiplehistorymatchingmodelsin parameterspaceaccordingto thefollowing rule.

At eachiterative stage,thealgorithmgeneratesSUT modelsandcalculatestheir misfitsval-
ues. Thenall the models,including thosepreviously generated,areranked to determinethe
best SLV cells. New S T modelsarethengeneratedin the best SLV cells, i.e., by placing S TXW SLV
modelsin eachcell.

Thephilosophybehindthe thealgorithmis that themisfit of eachof thepreviousmodels
is representative of the region of its neighbourhood,definedby its Voronoicell. Thereforeat
eachiterationstep,new samplesareconcentratedin theneigbourhoodssurroundingthebetter
data-fittingmodels.Thustheobjectiveof thealgorithmis to biasthesamplingto goodhistory-
matchingregions of the parameterspace,(Sambridge1999a). By its nature,the algorithm
exploits informationin all previousmodelsto selectively sampleparameterspace.

From the above, it is intuitive that the two parametersthat control the algorithmare SUT
and S V . Indeed,thesearetheonly tuningparametersthatcontrol theperformanceof thealgo-
rithm. The amountof explorationandexploitation performedby the algorithmis dependent
on theseparameters.For instance,increasingS V impliesmoreVoronoicellsareexploredand
thealgorithmasa wholebecomeslesslocal in searchingparameterspace.As pointedout in
(Sambridge1999a),what is decisive in the performanceof the algorithmis the ratio SUT W S V ,
ratherthantheindividual valuesof either S T or SLV .
ENSEMBLE APPRAISAL – QUANTIFYING UNCERTAINTY

The NA algorithm generatesan ensembleof history matchingmodelswith their corre-
spondingmeasureof fit to theobserved data. Theaim at theappraisalstageis to infer infor-
mationfrom this finite setof modelsin quantifyingtheuncertaintyassociatedwith predicting
futurereservoir performance.

Methodsfor samplingfromtheposteriorpdfhavebeenreportedin theliterature,see(Oliver
etal. 1997),(Cunhaetal. 1998)and(Omreetal. 1999).

In thisapplication,Voronoicellsareusedin constructinganapproximateposterioriproba-
bility distribution (ppd)from afixedensemble,usingaBayesianapproach.

Any prior assumptionswehaveof model Y[Z canbeexpressedthrougha(prior) probability
densityfunction \^]_Y[Za` . Givenobservationor historydatab , thisdataservesto refineprevious
knowledgeaboutthe model inputsby narrowing their posteriorprobability distribution. We
notethat theobservation have uncertaintyassociatedwith them. Hencecomparisonof obser-
vationswith solutionsderivedfrom themodelswill haveadditionaluncertaintyassociatedwith
uncertaintiesin thesolutionprocess(Glimm andSharp1998).

For eachof the modelsgenerated,we cancalculatethe degreeof likelihoodthat the ob-
served datacanbe explainedby the model for which the likelihoodholds. This dependson
themodelmisfit value,andis expressedas\^]�bdc Ye` , i.e., theprobabilityof theobservations b ,
given themodel Y . Having obtainedthis likelihood,we updateour prior knowledgeto yield
a posteriorprobability of the model,given the observed data. From Bayesrule the updated
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posteriordensityfor Y is:

\^]_Yfc,bg`ih \^]�bdc Ye`D\j]_Ye`k \j]�bdc Ye`D\^]_Ye`%l2Ynm (1)

Thedenominatorin Equation1 is a normalisingconstantwhich needsto becalculatedin
orderto evaluateEquation1 above. However, even for low dimensionalproblemsthis could
be intractable.Markov chainMonteCarlo(MCMC) providesa methodof samplingfrom the
posteriordistribution without theneedof calculatingthenormalizationconstant.For detailed
literatureon MCMC methodsseee.g., (Neal 1993), and for their applicationin petroleum
engineering,see(Cunhaetal. 1998),(Glimm andSharp1998),(Oliveretal. 1997)and(Omre
etal. 1999).

Sincetheonly informationavailableabout\^]_Yfc,bg` is theposteriorprobabilitydistribution
of theinputensemble,aneighbourhoodapproximationof \^]_Yfc,bg` isused.Thisis thebackbone
of theNA-Bayesianalgorithm.Thusby samplingfrom theposteriordistribution onegenerates
new points in parameterspacewhosedistribution op\Fq�r�]_Yfc,bg` , where \Fq�r�]_Yfc,bg` is the
neighbourhoodapproximationof \^]_Yfc,bg` , (Sambridge1999b).

PROBLEM DESCRIPTION
Theproblemwe intendto solve is anidealone,andcanbesummarisedasfollows. Firstly,

werunafinegrid modelto obtainfinegrid averagepressures[]_t&` , producedoil andwaterrates,uwv ]_t&` and
uyx ]_t&` , respectively. Wetake thesefinegrid dataasstandin for thefield data.Using

acoarsegrid model,theaim is to historymatchthefinegrid data,by determiningrelative per-
meabilitycurves, z V v ]�{ x ` and z V x ]�{ x ` . We thenpredictfuturefine grid behaviour for time
longerthanthehistorymatchingperiod,andthenquantifytheuncertaintywith ourpredictions.

Usingan idealproblemis essentialin the testingphaseof thealgorithmsincethe truth is
known andwe cancompareour resultswith thetruedata.

Thefinegrid is from the10thSPEComparativeSolutionProject,(ChristieandBlunt 2001).
Theconsistsof |,}�H[~e����H�~e���a� cells. Thereare4 producersin thefour cornersof themodel,
eachproducingat 4000psibottomholepressureandacentralinjectorwith aninjectionrateof
5000barrels/day. Figures1.a.,1.b. and1.c. show plots of thefine grid data

u�v ]_t&` , s�]_t0` and
oil/waterrelative permeabilities.

Thecoarsegrid is anupscalingof thecoarsegrid andconsistsof |,��~eG�G�~�GIH�� cells.Here,
singlephaseupscalingis used,(Christie1996). The well positionsandcompletionsare the
sameasin thefinescalemodel.

PARAMETERIZATION
To modeloil andwaterrelative permeabilities,relative permeabilityfunctionsin (Chierici

1981)wereadopted.Themodelconsistsof two formations,andfor each,the relative perme-
ability curvesfor oil andwater, asfunctionsof watersaturation,{ x , aredefinedrespectively
by

z V v ]�{ x `ih z V v ]�{F� x `�� J��2�F��� (2)z V x ]�{ x `ih z V x ]�{ v V `�� J!���<��� � (3)

where ��h�]�{ x O�{F� x ` W ]�G�O�{ v V O�{ x ` , is a scaledsaturationand { v V is the residualoil
saturation.This implies that a total of 12 parameters,6 for eachformation,i.e., four empir-
ical parameters]�� �0�������0� ` and two rock/fluid parameters]�z V v ]�{F� x ` � z V x ]�{ v V `0` , had to be
determined.
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QUANTIFYING MISFIT
Two typesof errorsneedto beaccountedfor namely, modelanddataerrors.Dataerrorsen-

capsulatesthelackof knowledgeof thesubsurfacegeologyanderrorsinherentin thedynamic
data. The modelerrorson the other handdependon the choiceof numericalsimulatorwe
choose,i.e.,massbalanceor streamline.Theseerrorsarisefrom theapproximationof theorig-
inally continuousconservationandflow equationswith discreteanalogues,andtheinability to
capturesub-griddetails.

In theleastsquaresense,themeasureof misfit, �¡  , canbeexpressedas

�   h ¢ £�¤¦¥�§©¨s�c,ª JLK« c §©¨sg¬�­Q¢ £�¤®¢Z�¯ vX° x ¥�§±¨u Z c,ª JLKZ c §²¨u Z ¬ � (4)

where§©¨s and §²¨u Z representthedifferencebetweenthehistorydataandthatfrom thecoarse
grid, for theaveragepressureandthefluid rates,respectively. Thecovariancematricesª « andªjZ containinformationaboutthemodelandobservationerrors.Here,wehaveassumedsimple
parameterizedformsfor thesolutioncovariancefunctions.Dataerrorshave beenneglected.

SPEEDUP
Theattractionwith streamlinesimulatorsis thedecouplingof thepressureandflow solvers.

Thus by opting for fewer pressuresolves, one achieves a speedupin the simulationat the
expenseof accuracy. Our principal aim is to rapidly explore the parameterspaceto identify
the good history matchingregions. We can then switch to a conventionalfinite-difference
simulatorand selectively explore the identified parameterspaceregions. Hencethe aim is
maximumspeedat aslightly compromisedaccuracy.

In this paper, we shallusea streamlinesimulator, 3DSL, to obtaina speedupin exploring
parameterspace.Basically, 3DSL solvesa 3D problemby decouplingit into a seriesof 1D
problems.Eachof the1D problemsis thensolvedalonga streamline,andthenmappedback
onto the underlyingCartesiangrid to obtaina full 3D solutionat a new time level. In con-
trastto conventionalsimulators,thestreamlinesimulationis basedon fluid transportalonga
dynamicallychangingstreamline-basedflow grid. Thuslarge time stepscanbetakenwithout
numericalinstabilitiesandgiving themethoda nearlinearscalingin termsof CPUefficiency
versusmodelsize,(Thieleetal. 1997),(Baker et al. 2001).

RESULTS AND DISCUSSIONS
Using3DSL,we generated984historymatchingmodels.We simulatedusinga time-step

of 25 days,a total historymatchingperiodof 300daysanda singlepresuresolve update.The
total CPUtime for theensemblewas2.84hours.This givesanaverageof 0.17minpermodel.
If we updatethe pressuresolve more frequently, e.g.,every 10days,this factor increasesto
0.35minpermodel.Thususingaa singlepressuresolve givesa speedup of about³´�2µ in our
particularcase.In thesequelweseethatthismassivespeeduphelpsin therapidexplorationof
theparameterspacewithoutremarkablycompromisingtheaccuracy of ourpredictions.Before
switchingto a conventionalfinite-differencesimulator, oneneedsto determinethe regionsin
parameterspaceto explorefurther, i.e., therangesof theparameter. To do this,we plot the1-
dimensionalposteriorprobabilitydistribution of eachof theparameters.Theseareprojections
of themultidimensionalposteriordistribution ontoeachof the12parameteraxes.Fig. 2 shows
the1D marginal probabilityplotsfor all theparameters,generatedusingasinglelongchainof
theMCMC walk.
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As mentionedearlier, our predictionof the fine grid behaviour is uncertain. Hencewe
quantify the uncertaintywith predictingthe fine grid behaviour from ¶�H�H to ��H�H�H days. We
approachthis in two ways.

Firstly, we registerthenearestneighbourVoronoicellsvisitedduringtheMCMC random
walk. Thenwerunafull simulationoneachof thenearestneighbourcellsandplot theprofiles.
Fig. 3 shows thedistribution for oil andwater. Also plottedin Fig. 3 arethemaximumlikeli-
hoodmodelaswell asthefinegrid (true)data.Theseplotsshow thatmodelsvisitedduringthe
MCMC walk form an envelopeaboutthe true solution. Our coarsegrid predictionsarevery
closeto the fine grid data. This envelopehowever, may be broaderthanthe true uncertainty
envelopesincethe influenceof eachmodel in definingthe unceratintydependson its poste-
rior probability. We notethatduringthis walk, new historymatchingmodelsarealsocreated,
whichwerenot in theoriginal ensemble.

In the secondinstance,we assumeGaussianstatisticsand, using the modelsgenerated
duringtheMCMC walk, performaBayesupdateof theprobabilites.Thusthisapproachtakes
into accounttherelative influenceof eachof themodelsvisitedduring theMCMC walk. We
thencalculatethefirst andsecondmoments(themeanandstandarddeviation) of theprofiles.
Usingtheseparameters,we determinedthe s K	· and s^¸ · , i.e., the GIH th and ¹�H th percentilecut-
offs for eachof theprofiles. Thesecut-offs areplottedin fig. 4, togetherwith our meanand
maximumlikelihoodpredictions.The s K	· and s ¸ · cut-offs rightly envelopeourpredictedfine
grid solution.

CONCLUSIONS
We have demonstratedthe useof the NeighbourhoodApproximationalgorithm in con-

junction with streamlinesimulationto generatemultiple history matchingmodels. We have
investigatedusingsyntheticdatafrom theSPE10thComparative SolutionProjectandshown
thatthemaximumlikelihoodmodelis anaccuratepredictorof thefinegrid behaviour.

By using the completeensembleof modelsgeneratedanda MCMC approach,we have
demonstratedtwo methodsof quantifyingthe uncertaintyin future oil andwaterproduction.
Wehave shown thatthetruesolutionlies within theuncertaintyboundspredictedby thealgo-
rithm.

We investigatedthe useof streamlinesimulationto achieve speedupin exploring the pa-
rameterspaceandrapidly identify regionsof parameterspacefor furtherexplorationusinga
finite-differencesimulator. Our resultsshow that we achieved a usefulspeedupin exploring
parameterspaceby the useof streamlinesimulation,without significantlycompromisingthe
accuracy of our results.

UsingaMCMC method,weareableto identify regionsof goodfit to thedataandquantify
thisby plotting the1D marginal probabilitydistribution of theparameters.
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FIG. 2. 1D marginal probabilities (Parameter s 1 - 12)
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FIG. 4. Quantifying uncer tainty - II

8


