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SUMMARY
Reservoir production forecasts are essentially uncertain due to the lack of data. Specifically, it is
impossible to estimate detailed heterogeneity in a reservoir. In order to mitigate the ambiguity of a model,
production data is incorporated into a historymatching process. However, there is insufficient data to
constrain the subsurface properties all over the field.

We investigated the parameterisation of coarsescale relative permeabilities for historymatching and
uncertainty quantification. Coarsescale models are often employed in history matching, because of
computational cost. The results of the investigation provided us with guidelines for historymatching a
coarsescale model to the observed data by adjusting relative permeabilities.

This paper addresses two issues. Firstly, because the coarsescale model inevitably misses out subgrid
heterogeneity, physical dispersion is ignored in the simulation. Secondly, the smallscale heterogeneity is
not explicitly known and can only be inferred by historymatching. To solve these problems, local features
in the coarsescale relative permeability curves were adjusted in historymatching to capture the effect of
physical dispersion and to compensate for the effect of numerical dispersion.

The success of historymatching relative permeabilities depends on the flexibility of the saturation
function. We applied the flexible Bspline function as well as a conventional power or exponential
function, namely the Corey or Chierici functions, respectively. We compared these parameterisations in
terms of the resulting relative permeabilities during historymatching and uncertainty appraisal.

The historymatched relative permeabilities and their uncertainty envelopes were examined in comparison
with the twophase upscaling results. We used a synthetic data set for which the true solution is known.
The twophase upscaling was conducted using the truth model to give a reference set of coarsescale
relative permeability curves. We also compared the truth production profiles with the uncertainty
envelopes which were quantified in Bayesian framework. Our results highlight the fact that the
parameterisation affects the width of uncertainty envelope.
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1. Introduction 
Reservoir simulation is routinely employed in the prediction of reservoir performance under 
different depletion and operating scenarios. This practical use of reservoir simulation requires 
two steps: one is history-matching, and the other is quantification of uncertainty in 
forecasting. In the traditional approach, a single history-matched model, conditioned to 
production data, is obtained, and is used to forecast future production profiles, (Williams et al., 
1998). However, due to the lack of data, the history-matching is non-unique and the forecast 
production profiles are uncertain. Recently, a new methodology for uncertainty quantification 
has been introduced to the petroleum industry (Christie et al., 2002; Subbey et al., 2004). This 
method adopts the Markov Chain Monte Carlo (MCMC) method along with the 
Neighbourhood Approximation (Sambridge, 1999a,b). 
 
The petrophysical properties to be adjusted in this paper were coarse-scale relative 
permeabilities. In coarse-scale models, relative permeabilities are required to take account of 
the effect of physical dispersion due to small-scale heterogeneity and to compensate for the 
effect of numerical dispersion. Accordingly, the history-matching of coarse-scale relative 
permeabilities is linked to the lack of knowledge of the detailed permeability distribution and 
upscaling difficulties. We quantified the uncertainty in coarse-scale relative permeabilities to 
clarify its influence on the reservoir performance forecast. After generating multiple history-
matched models, the uncertainty envelope was quantified in a Bayesian framework. As in the 
previous work (Okano et al., 2005), this paper used the Neighbourhood Approximation (NA) 
algorithm for the history-matching and the NA-Bayes algorithm for uncertainty 
quantification. The NA-algorithm is a stochastic sampling algorithm and uses information 
obtained from previous runs to bias the sampling of model parameters to regions of parameter 
space where a good fit is likely. The philosophy behind the algorithm is that the misfit of each 
of the previous models is representative of the region of its neighbourhood, defined by its 
Voronoi cell. The Neighbourhood Approximation was also applied to the sampling from the 
posterior probability distribution (PPD) in a Bayesian framework, (NA-Bayes Algorithm). In 
this method, it is assumed that the posterior probability is constant within each Voronoi cell, 
so that no further forward modelling is required. In this paper we used this scheme of the 
MCMC with the Neighbourhood Approximation to evaluate the posterior expectation and P10 
and P90 cut-offs. The details of those algorithms have been described in a previous paper 
(Okano et al., 2005), and are not repeated here.  
 
This paper investigates the parameterisation of coarse-scale relative permeabilities. A 
synthetic data set of a 2D fine-scale model (Figure 1) and a 1D coarse-scale model (Figure 2) 
was set up to demonstrate the history-matching procedure using a flexible B-spline 
parameterisation (Okano et al., 2005). One set of relative permeability curves were adjusted in 
the coarse-scale model. With B-splines, there are a lot of parameters to be adjusted. Despite 
the flexibility, it is time consuming, and the number of parameters could be prohibitive, if the 
method is extended to more sets of the curves. This paper examines five different 
parametrisation schemes including the B-splines. The results of the B-spline function are 
compared with those of a power or exponential function, namely the Corey or Chierici 
functions, respectively. The aims of this paper are to asses the success of history-matching 
relative permeabilities and to investigate the effect of the parameterisation on the width of 
uncertainty envelope.  

2. Model and Problem Description 
A water flooding scenario in an oil reservoir was assumed for the numerical experiments. A 
2D truth model was generated, as shown in Figure 1 (permeability distribution). This is also 
referred to as the fine-scale model, in contrast to the coarse-scale model used for history 
matching (Figure 2). There are 55×275×1 cells in this fine-scale model, each of size 
5m×5m×20m. The permeability was generated by Sequential Gaussian Simulation (SGS) 
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(Deutsch and Journel, 1998). The correlation length is 135m in the Y-direction (North) and 
67.5m in the X-direction (East). Relative permeability for the truth model was assigned by 
adopting Corey-type rock curves (Corey, 1954) with an exponent of 2. The coarse-scale 
model (Figure 2) was employed for multiple flow simulations for history-matching. The 
coarse cell size is 275m×275m×20m and the number of cells is 1×5×1. The producer and 
water injector wells were placed at the centres of the edge coarse cells, and the well positions 
in the coarse-scale model were exactly the same as those in the fine-scale (truth) model. The 
boundary conditions were the same in both scale models: the producer well was controlled by 
a bottom hole pressure (BHP) of 400 [bar], the injector well was controlled by a rate of 330.0 
[m3/day] (reservoir conditions) and BHP limit of 689.48 [bar], and the sides of the model 
were sealed. 
 
Here, the main task is to estimate relative permeabilities at the coarse scale through history-
matching rather than varying parameters at the fine scale. The correlation length of the truth 
model is less than half of a coarse-scale cell (275m). In most models, a range of coarse-scale 
relative permeability curves is required to take account of fine-scale effects. Also, the relative 
permeability usually depends on distance from the wells in coarse-scale models, (Hewett et al., 
1998). In this study, however, the relative permeabilities of the second and third cells from the 
injector cell (Cell 2 and Cell 3 in Figure 2) were similar and were considered as a group to be 
adjusted in history matching. For simplification, the other parameters were fixed using the 
truth model, although they are unknown in real situations. Details of the coarse-scale model 
are provided in Okano et al., 2005. In summary, the model was history-matched by adjusting 
a single set of relative permeability curves for those two cells. For comparison, two sets of the 
upscaled relative permeabilities were also calculated for the two cells using the PVW method 
(ECLIPSE PSEUDO package (Schlumberger, 2004)). For history-matching, the oil rate and 
injector BHP were used as production history. To create a more realistic case, uncorrelated 
random noise was added to the fine-scale data. The standard deviations of the data errors for 
the oil rate and injector BHP were assumed to be 15.0 [m3/day] and 1.0 [bar], respectively. 
The fine-scale data is referred to as the truth in the sections below. Then the data for 1350 
days was used as history data. It is assumed that the data errors are independent and 
identically distributed (iid) and the likelihood function is defined by a Gaussian expression. 
The measure of misfit, M, as an object function can be given in the least square sense by the 
following equation. 
 
 
  
Here q' and p' represent the simulated oil rate and BHP respectively, and q and p represent the 
observed oil rate and BHP respectively. The subscript k = 1, 2,… , N represents the time step. 
N is the total number of the time series data. σq and σp are the standard deviations of the data 
errors. 

3. Parameterisations for Relative Permeabilities 
Relative permeability is assumed to be a function of saturation, and the coarse-scale flow 
functions are not the same as the rock curves obtained from core flooding experiments. The 
coarse-scale curves need to take account of the effect of physical dispersion due to sub-grid 
heterogeneity and to compensate for the effect of numerical dispersion. Hence the coarse-
scale relative permeabilities may have irregular shapes: e.g., steep slope, non-monotonic 
curve, etc. (e.g., Hewett et al., 1998). Hence, the success of history-matching relative 
permeabilities may depend on the flexibility of the saturation function. 
 
3.1 B-splines 
A fourth-order (cubic) B-spline function was adopted: 
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where Kri(Sw) denotes relative permeability, and Sw is water saturation. cj

i is the B-spline 
coefficient corresponding to each of the basis functions, Nj

4(Sw). This method aims at 
flexibility with 6 basis functions, which were determined by non-uniformly spaced knots at 
water saturations of 0.20, 0.35, 0.50 and 0.80 (Figure 3).  The number of parameters was 
reduced by fixing the end coefficients so that there were four parameters for each curve. The 
history-matched relative permeabilities (Figure 4) indicate that the parameterisation captured 
the details of the reference upscaled curves and the resultant curves could include the effect of 
physical dispersion due to sub-grid heterogeneity. The results of the uncertainty appraisal are 
also shown in Figures 5 and 6.  
 
The reduction of the parameters is important in order to reduce the computational cost. In this 
paper, the number of parameters is reduced further. The functions chosen are power and 
exponential functions. The number of the parameters in the power function (Corey, 1954) is 
one for each curve apart from the end points, and that in the exponential function (Chierici, 
1981) is two for each curve. If the water saturation at which water becomes mobile is 
involved in the calibration parameters, the number of parameters per curve is increased to two 
for the Corey function and three for the Chierici function. These four types of 
parameterisation, each of which has a smaller number of parameters than the B-splines, are 
described in the below. Note each of the history-matched results is not shown below, because 
it is similar to the corresponding uncertainty envelopes.  
 
3.2. Corey Function 
The Corey function has an exponent to be adjusted in history-matching: 
 
 
 
The two parameters (a and b) were adjusted in the history-matching. The prior range was 
defined so that each parameter had a uniform distribution between 0.0 and 10.0. The resulting 
uncertainty envelopes are shown in Figures 7 and 8. Even if the rock relative permeabilities in 
the truth fine-scale model were expressed by the same type of function, namely the Corey 
type function in this case, the history-matched relative permeability did not converge to the 
reference upscaled curves. Especially, the oil relative permeability has a different shape from 
the reference upscaled curve. Whereas the oil production rate was matched to the observed 
data to some extent, the injector BHP could not be matched appropriately (not shown). This 
was caused by the deviation in the oil relative permeability. This type of parameterisation 
failed to match the observed data because of the lack of flexibility, and there is little 
uncertainty in the estimations.    
 
3.3. Chierici Function 
The Chierici function has two parameters for each curve to be adjusted in history-matching: 
 
 
 
The four parameters (a, b, c and d) were adjusted in the history-matching. The prior range 
was defined so that each parameter had uniform distribution between 0.0 and 10.0. The 
uncertainty envelopes are shown in Figures 9 and 10. Although the Chierici function has more 
parameters than the Corey function, the deviations between the resulting relative 
permeabilities and the reference curves are much larger than for the Corey function. Probably 
this is because the coarse-scale relative permeabilities may have inherited some features of 
the Corey-type rock curve in this case, and so the features cannot be expressed by the Chierici 
function. As with the Corey parameterisation, the oil production rate matched the observed 
data to some extent, but the injector BHP (not shown) could not be matched appropriately.  
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3.4. Corey Function with End-Point Shifting 
In order to add more flexibility to the Corey function used above, the equation was modified 
so that the end point saturation can be shifted: 
 
 
 
The four parameters (a, b, c and d) were adjusted in the history-matching. The prior range of 
each of the shifts was between 0.0 and 0.5, and the others were set as in the two parameter 
case. The resultant relative permeabilities (Figures 11) are closer to the reference upscaled 
curves. Especially, the deviation in the oil relative permeability is much smaller than in the 
two parameters case. As a result, the oil production rate (Figures 12) and the injector BHP 
(not shown) could be matched to the observed data. Hence the introduction of the shifts 
improved the history-matching accuracy. For uncertainty appraisal, all the uncertainty 
envelopes are much narrower, when they are compared to Figures 5 and 6 which show the 
results using B-splines. Presumably, this is because the combination of the parameters which 
gave a relatively good fit among the ensemble were fewer in this four parameterisation 
scheme than in the eight parameterisation scheme using B-splines. Compared with the 
Chierici function, the Corey function with the end-point shifts could fit to the coarse-scale 
relative permeability more efficiently, although the number of parameters in this case is the 
same as the Chierici function used above. This means that the coarse-scale relative 
permeability may have retained the trend of the Corey-type rock curve but been shifted along 
the water saturation axis. However, this representation leads to a flat line in the oil relative 
permeability behind the shifted end point, and it cannot express local bumps or dents on the 
curve. So there are some limitations to the flexibility compared to the B-spline representation.   
 
3.5. Chierici Function with End-Point Shifting  
In order to add more flexibility to the Chierici function used above, the equation was modified 
so that the connate water saturation could be shifted: 
 
 
 
The six parameters (a, b, c, d, e and f) were adjusted in the history-matching. The prior range 
of each of the shifts is between 0.0 and 0.5, and the others are set as in the above case. The 
uncertainty envelopes of the relative permeabilities and the production profile are shown in 
Figures 13 and 14. Compared to the results of the four-parameter representation with the fixed 
end points, the shift parameterisations improved the history-matching, and the resulting 
relative permeabilities are not far from the reference upscaled curve. However, in this case the 
oil production forecast tended to be underestimated in compared with the truth profile, and the 
forecast envelope of the injector BHP spread toward the high side (not shown). The results 
were biased in the opposite direction to the B-spline results (Figure 6). This difference in both 
trends may have stemmed from the characteristic of the function used. Note that the above 
observation may depend on the noise in the production data: e.g., realisations in random 
noise.  
 
The Chierici function with end-point shifting took more iterations in history-matching to 
converge to the optimised curves than the other parameterisation schemes including B-
splines. The results shown here were obtained from 150 iterations, whereas the cases of the 
other parameterisations converged within 75. Probably there are two reasons why it took more 
iterations. Firstly, the Chierici function alone could not fit the reference curves as shown in 
Figure 9. Secondly, it included the end-point adjusting to reduce the deviation between the 
reference curves and the resultant curves. Both reasons tended to make history-matching more 
time-consuming than the other parameterisation schemes.  
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3.6. Comparisons of Parameterisation Schemes  
The Corey and Chierici functions with the end-point shifting can compete with the B-spline 
parameterisation. Without the end-point adjustment, they failed to match the observed data 
and deviated from the reference upscaled curves. When introducing the end-point adjustment, 
both Corey and Chierici could match the observed data. But the forecast uncertainty showed 
different trends in the Corey, Chierici and B-spline functions. Note that the B-splines did not 
include the end-point adjustment in this case. The B-spline representation has local basis 
functions. Basis functions whose support covers only the mid-high water saturation region 
tended to be less sensitive to the observed data for the water flooding scenario simulated in 
this paper. On the other hand, all the parameters in the Corey and Chierici functions with end 
points affected the whole saturation region between 0.2 and 0.8 along the Sw axis. These 
functions can be referred to as global parameterisation in contrast to the local 
parameterisation of B-splines. When the relative permeabilities were history-matched with the 
global parameterisations, the variability of the curves in the less sensitive saturation region, 
namely high water saturation, was constrained through the other parts of the relative 
permeability curves which were more sensitive to the observed data. The global 
parameterisations rely on the particular formulations which control the whole part of the 
curve. These characteristics resulted in different uncertainty envelopes in the different 
parameterisation schemes. 
 
Note that not only the parameterisations discussed here but also the choice and usage of 
history-matching algorithms affect the width of uncertainty. The latter topic is related to the 
sampling method and the approximation of parameter space, and those are discussed in some 
other publications (e.g., Christie et al., 2006; Erbas and Christie, 2006).  

4. Conclusions 
 The flexible B-spline parameterisation for coarse-scale relative permeabilities captured 

the effect of physical dispersion due to sub-grid heterogeneity and compensated for the 
effect of numerical dispersion. 

 The Corey and Chierici parameterisations required adjustment of the end-point saturation 
to represent the coarse-scale relative permeabilities in this case. 

 Although the various functions can match the observed production data, the forecast 
uncertainty may differ in the parametrisation schemes. 

 Compared to the Corey and Chierici functions, the B-spline parameterisation tended to 
lead to larger envelopes of the relative permeability in the high water saturation region 
which was less sensitive to the history data in the water-flooding scenario. 
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Figure 1 Permeability Distribution    Figure 2 Coarse-Scale Model for History-Matching  
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Figure 3 B-spline Basis Functions         Figure 4 History-Matched Rel Perm (B-splines) 

 

     
Figure 5 Uncertainty in Rel Perm (B-splines)  Figure 6 Uncertainty in Oil Rate (B-splines) 

 

       
Figure 7 Uncertainty in Rel Perm (Corey) Figure 8 Uncertainty in Oil Rate (Corey) 
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Figure 9 Uncertainty in Rel Perm (Chierici) Figure 10 Uncertainty in Oil Rate (Chierici) 

 

        
Figure 11 Uncertainty in Rel Perm    Figure 12 Uncertaity in Oil Rate    

  (Corey plus Shift)          (Corey plus Shift) 

        
Figure 13 Uncertainty in Rel Perm  Figure 14 Uncertainty in Oil Rate 

                  (Chierici plus Shift)                    (Chierici plus Shift) 



 


