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Abstract A new approach is presented for the reconstruction of time series and other (y, x) functions
from observables with any type of stochastic noise. In particular, noise may exist in both dependent and
independent variables, i.e., y and x, or t, and may even be correlated between these variables. This situation
occurs in many areas of the geosciences when the independent time variable is itself the result of a
measurement process, such as in paleo– sea level estimation. Uncertainty in the recovered time series is
quantified in probabilistic terms using Bayesian changepoint modeling. The main contribution of the paper
is the derivation of a new form of integrated likelihood function which can measure the data fit for a curve
to (y, t) observables contaminated by any type of random noise. Closed form expressions are found for the
special case of correlated Gaussian data noise and curves built from the sum of piecewise linear polynomials.
The technique is illustrated by estimating relative sea level variations, over the last five glacial cycles, from
a data set of 1928 𝛿18O measurements. Comparisons are also made with other techniques including those
that assume an error free “independent” variable. Experiments illustrate several benefits of accounting for
timing errors. These include allowing rigorous uncertainty information of both time-dependent signals and
their gradients. Derivatives of the integrated likelihood function are also given, which allow implementation
of likelihood maximization. The new likelihood function better reflects real errors in data and can improve
recovery of the estimated time series.

1. Introduction

In the Earth Sciences estimation of time series signals from noisy and irregularly distributed observations
occurs in many areas, including sedimentology, geomorphology, paleohydrology [Williams, 1983], sea level
studies [Lambeck et al., 2014], tectonics [Iaffaldano et al., 2012] and in studies where geochemical proxies are
used to infer environmental, or climatic changes over time [e.g., Burton et al., 2007; Kylander et al., 2007; Ruggieri
et al., 2009; Gallagher et al., 2011]. The problem of reconstructing signals from noisy time series is a form of
regression problem that dates back more than 100 years, at least to Adcock [1878] who considered the fit-
ting of straight lines in the form of a linear polynomial to observed (x, y) data. Numerous contributions have
occurred over the intervening century with landmark papers from Kummel [1879], Pearson [1901], Dent [1935],
and Lindley [1947]. A comprehensive summary and discussion of the plethora of related polynomial fitting
problems was given by Anderson [1984]. The number of publications in this field seems only outnumbered
by the number of authors applying, and in some cases misapplying, regression methods to data. Mark and
Church [1977] and Williams [1983] discuss the misuse of least squares (linear) regression in the Earth Sciences.
Today, signal reconstruction, or regression, problems have become ubiquitous across the physical, life, and
social sciences while being a mainstay of economics.

In the situation where observational errors are confined to a single dependent variable, say y, observed at
independent variable, x, with no error, and one seeks a best polynomial fit of some order, then well-known
least squares linear regression methods can be used. The result is an estimate of the polynomial coeffi-
cients together with a statistical measure of their uncertainty which can be used to make predictions of the
dependent variable at any time or position. Geophysicists will recognize this is as a familiar example of a lin-
ear discrete inverse problem [Menke, 1989; Aster et al., 2012], for which algorithms and software are widely
accessible.

A fact often ignored in many studies is that the independent variable, x or t, is also the result of a measure-
ment and has an associated error which may be correlated with the y error. This situation arises in many
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areas of the geosciences where the time variable in the signal is itself dependent on measurements and
imprecisely known, e.g., the age of a rock in geochronology or coral specimen in paleoclimate studies. In
many real problems then the error-free independent variable does not actually exist. Statisticians call this the
“error-in-variables” model, which has been much studied since the work of Deming [1943], but remains an
area of some confusion in the published literature. For example, when errors occur in both variables, then x
and y observables can, in principle, be placed on an equal footing and so any solution method should be sym-
metric in its treatment of x and y errors. Nevertheless, a large number of approximate iterative methods have
been proposed and are in routine use, which are asymmetric in their treatment of observational error, often
based on an assumption that one error dominates over the other. For example, in the case of fitting a linear
polynomial, Press et al. [1996, chap. 15.3] provide a widely used algorithm and software which makes use of
the noise variances in x and y to calculate weights applied to each observation but still iteratively minimizes
only the square of the vertical, y, discrepancies between a predicted line and observations. This is asymmetric
in x and y, because it is the y discrepancies only that are minimized at the x locations of the data, in much the
same way as routine least squares. In general, swapping x and y data will lead to a different estimate of the
best fit line, because then the square of the x discrepancies are minimized. This case was recently explored by
Christiansen [2014] in the context of regression problems in climate studies. Statisticians have long recognized
the need for symmetric treatments of the error-in-variables model and done so via maximization of a likeli-
hood function symmetric in x and y [e.g., Anderson, 1984, equation (2.4)]. When noise standard deviations in
x and y are equal, this leads to orthogonal regression where the square of the perpendicular, rather than the
vertical distances between the straight line and the data, is minimized.

In contrast to estimating single, maximum likelihood solutions, an alternative is to adopt a Bayesian framework
where all the unknown polynomial coefficients are treated as random variables. An a priori probability density
function is selected for each unknown and a posteriori probability density distribution is sought conditioned
on the data. Bayesian regression goes back to Lindley and El-Sayyad [1968] with a generalized treatment given
by Reilly and Patino-Leal [1981]. Christiansen [2014] provides a comprehensive study of the error-in-variables
model from a Bayesian perspective with a particular focus on the prediction problem, i.e., of one variable
given the other, as well as applications in climate signal reconstruction. Bayesian regression has also been
developed for more complex situations where the unknown signal is divided into a series of partitions each
containing a polynomial. Probability distributions of the polynomial coefficients are found, again conditioned
on the data, which form the basis of flexible signal reconstruction including estimation of uncertainty. At the
boundaries between partitions either the recovered signal or its derivatives can be discontinuous, thereby
allowing changepoints to be determined from the data. Mallick [1998] introduced this approach and allowed
the order of the polynomial to be unknown in each partition. He used reversible jump Markov chain Monte
Carlo (RJ-McMC) to probabilistically sample the parameter space and generate an ensemble of solutions con-
ditioned on the data. Denison et al. [2002] extended this to the case where the number of partitions and
the locations of changepoints, in x or t, were all unknown and constrained by the data probabilistically.
Gallagher et al. [2009] introduced changepoint modeling into the Earth Sciences and demonstrated its power
to estimate abrupt changepoints in noisy geochemical records together with quantification of uncertainty.

Changepoint modeling for reconstruction of time functions from noisy data is proving to be a useful method-
ology for a range of Earth Science regression problems [Gallagher et al., 2011; Lambeck et al., 2014]. All
applications to date have allowed for errors in only the dependent y observation and not the independent x or
time parameter, which is treated as perfectly known. The present paper deals with the extension of Bayesian
changepoint modeling to the case where observational errors are present in both x and y observables, which
may or may not be correlated, i.e., the error-in-variables model. This problem does not appear to have been
previously addressed in changepoint studies, which consider errors in y alone. All Bayesian inference is depen-
dent on a knowledge of a likelihood function that measures the probability that the data would be observed
given some particular time series or curve. The likelihood function should account for all noise processes
affecting the observables. The main contribution of this paper is to derive a new likelihood function applicable
to the general case of an arbitrary noise distribution fitting an arbitrary curve. This differs from the likelihood
functions used in previous studies to estimate best fit curves through optimization. For the common case of
fitting a piecewise linear polynomial, a convenient closed form expression for the likelihood is derived. The
new form of the likelihood function may be incorporated into a Bayesian sampling algorithm to allow signal or
changepoint inference from general noisy data. A synthetic and real data example are presented to illustrate
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Figure 1. Illustration of an arbitrary curve (red) and a single data
point with correlated errors in x and y. Here the data point, d, is
shown as a white circle on top of a 2-D shaded Gaussian density
function representing the PDF of the noise. �̄� is the peak of the
noise distribution sampled along the curve, 𝜃 an arbitrary point on
the curve and 𝜖 the vector from 𝜃 to the data point, d. 𝜃x is the
point on the curve at the same x location as the data.

the approach and some comments on imple-
mentation issues included.

2. A Generalized Likelihood
for Curve Fitting

For regression problems with errors in both
variables (x, y) the central question is “What
is the likelihood function?”. This is the case
whether the intention is to fit some curve
via maximization of the likelihood or com-
bine with a prior probability density func-
tion (PDF) and probabilistically sample, as in
the Bayesian approach. Figure 1 describes
the general situation where a single data
point with correlated noise in both x and y
observables is used to constrain an arbitrary
curve. The random vector 𝝐 is the difference
between the data point, d = (x, y)T , and the
value that would have been observed if there
were no noise present, i.e., dtrue, which gives

d = dtrue + 𝝐. (1)

This situation differs from the usual least
squares case because the random discrep-
ancy vector 𝝐 is not confined to the vertical

axis but instead governed by a 2-D probability distribution, p𝜖 , which is shown as a gray shaded density plot
on Figure 1. If we write any point on the curve in parametric form, f(𝜃) = (fx(𝜃), fy(𝜃))T as in Figure 1, then the
likelihood measures the probability that the observed data point at d originated from a source point on the
curve at 𝜃, i.e., dtrue = f(𝜃), or equivalently 𝝐 = d − f(𝜃). The likelihood is therefore the probability that the
value of the discrepancy vector 𝜖 is a draw from its known distribution

p(d|𝜃, c) = p𝜖(d − f(𝜃)), (2)

where vector c represents parameters defining the shape of the curve, e.g., for a straight line c contains two
variables representing the intercept and slope of the line. Since the data noise distribution is arbitrary, then in
general, the likelihood will take different values along the curve as a function of 𝜃. Equation (2) gives the likeli-
hood that the data point would have been observed from a particular source point 𝜃 on curve, c. By summing
these probabilities along the entire curve, we may obtain the likelihood that d arises from anywhere on the
curve, which we write as p(d|c). This is an example of what statisticians call “marginalization,” or integrating
out a nuisance variable. More formally, this is given by (see Appendix A)

p(d|c) = ∫ p(d|𝜃, c)p(𝜃|c)d𝜃, (3)

where p(𝜃|c) is the probability of the source point given the curve. In words equation (3) says that the like-
lihood of the data point given the entire curve is the integral along the curve of the probability of the data
point given a source point times the probability of the source point. Equation (3) measures the likelihood of
the data point given the whole curve, whereas the expression in equation (2) the likelihood for a particular
point on the curve. For the special case of errors confined to y alone, the only point that could have generated
the observation at (x, y) would be the one at the same x value as the data, i.e., 𝜃 = 𝜃x , as shown in Figure 1. In
this case p(𝜃|c) = 𝛿(𝜃 − 𝜃x), where 𝛿() is the Kronicka delta, and substitution in (3) yields

p(d|c) = p(d|𝜃x , c). (4)
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If the data noise distribution is nonzero for all values of x as is the case for the 2-D Gaussian in Figure 1, then in
principle any point along the curve could be responsible for the observation, and hence, we can set p(𝜃|c) = 1.
Combining (2) and (3), we have

p(d|c) = ∫ p𝜖(d − f(𝜃))d𝜃 (5)

which shows that the likelihood function for an arbitrary error distribution is just the integral of the 2-D noise
distribution along a known curve. This gives the likelihood function of the data given the curve parameters c
and is the central result used throughout the remainder of the paper. The concept of an integrated likelihood
along a regression curve does not appear to have been previously used in the geoscience literature but is
consistent with that of Werman and Keren [2001] who also expressed a likelihood as an integration around the
perimeter of 2-D shapes in the context of fitting parametric models to noisy 2-D scattered data. In the context
of linear regression Gull [1989] also proposed a likelihood function with allowed for errors in both variables
by treating the unknown source for each data point as nuisance parameters to be integrated out in the same
way is equation (5). Below we show how equation (5) may be conveniently applied in a Bayesian sampling
framework.

The familiar least squares likelihood is seen to be a special case of (5) when the data noise is Gaussian and x
errors are zero, which corresponds to

p𝜖(d − f(𝜃)) = 1

𝜎y

√
2𝜋

exp

{
−1

2

(y − fy(𝜃))2

𝜎2
i

}
, p(𝜃|c) = 𝛿(𝜃 − 𝜃x), (6)

where 𝜎2
y is the variance in the noise. Substitution into (3) yields

p(d|c) = 1

𝜎y

√
2𝜋

exp

{
−
(y − fy(𝜃x))2

2𝜎2
y

}
. (7)

For the most general case of N data points, di(i = 1,… ,N), there will be a different potential source point for
each, 𝜃i(i = 1… ,N), and hence, the likelihood becomes a multidimensional integral over each point along
the curve:

p(d|c) = ∫… ∫ p𝜖(d − f(𝜽))d𝜽. (8)

where dT = (d1,… ,dN), and 𝜃T = (𝜃1,… , 𝜃N). If errors between data points are independent then the vecto-
rial probability distribution p𝜖 becomes separable, and hence, the multidimensional integral in equation (8) is
just a product of 1-D integrals, which considerably reduces the computational burden. For the case of errors
correlated between data points then equation (8) is no longer separable, and the multidimensional inte-
gration may quickly become intractable as N increases. However, even in this case it is still possible to use
equation (8) within a Bayesian sampling framework, as discussed later in the paper. In the next section we
give explicit expressions for (5) for the special case of an arbitrary Gaussian data noise distribution in (x, y)
and a piecewise linear polynomial curve. It is then shown how these can be used as the basis of changepoint
modeling.

3. Likelihood Functions for an Arbitrary Gaussian Noise Distribution and Piecewise
Linear Polynomials

In changepoint modeling, also called partition modeling [Denison et al., 2002], the x, or t, axis is divided into
a series of partitions within which the sought after regression curve is represented as a polynomial of fixed,
or variable order. Changepoints in the function, or its derivatives, occur at the interface between partitions.
Here we consider the case that the polynomial is up to first order only, and hence, changepoints are allowed
in either the function value or its first derivative. Figure 2 shows an example of a single data point and a
curve with three partitions, with a continuous linear polynomial in each. This is a flexible framework which is
applicable to regression problems with or without changepoints.
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Figure 2. The setup of a linear segment model (red) in regression. Here a single data point is shown as a white circle on
top of a 2-D Gaussian representing the PDF of the noise. The finite length line segment is given by f(𝜃). The endpoints of
a linear segment are arbitrarily defined as 𝜃 = 0 and 𝜃 = 1, respectively, and given by f(0) = x0 and f(1) = x1. Vectors a
and b are as shown.

3.1. A Single Partition
For a single partition as shown in Figure 2 the location of a point along the linear segment is given by

f(𝜃) = (1 − 𝜃)x0 + 𝜃x1, 0 ≤ 𝜃 ≤ 1. (9)

where (x0, x1) are endpoints of the line segment. Throughout we assume a multivariate Gaussian probability
distribution for data noise, and so the PDF of the discrepancy vector 𝜖, is given by

p𝜖(d − f(𝜃)) = 1
2𝜋|C|1∕2

exp
{
−1

2
(d − f(𝜃))T C−1(d − f(𝜃))

}
. (10)

where C is the 2 × 2 covariance matrix of the noise for the data point.

In Appendix A we show that evaluating the likelihood in equation (10) at point 𝜃 along the linear segment
becomes the 1-D Gaussian distribution:

p𝜖(d − f(𝜃)) = 1
2𝜋|C|1∕2

exp {−𝜅∕2} exp

{
−(𝜃 − �̄�)2

2𝜎2
𝜃

}
, (11)

where �̄� is the location of the peak of the Gaussian along the segment, 𝜎2
𝜃

is its variance and 𝜅 an amplitude
factor. Expressions for these terms are derived in Appendix A; specifically, we have

�̄� = bT C−1a
bT C−1b

, (12)

𝜎2
𝜃
= bT C−1b, (13)

𝜅 = aT C−1a − (bT C−1a)2

bT C−1b
, (14)

where a = d − x0, and b = x1 − x0, as shown in Figure 2. Figure 3 shows an example of numerically evaluat-
ing the multivariate Gaussian in equation (10) at 100 steps along an arbitrary linear segment in the x-y plane,
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Figure 3. An illustration of evaluating a 2-D Gaussian along a line segment (red). (left) The data point centered on its
2-D Gaussian noise distribution, shaded gray. (right) The 1-D Gaussian evaluated at 100 points along the red line
segment both analytically using (11) (red curve) and numerically using (10) (cyan filled region). Marked points show
the position on the line segment at the same x value as the data point (V), and the intersection of the perpendicular
through the data point (P), neither of which is at the distribution peak (�̄�). Parameter values used in this example are
dT = (0.0, 0.5); C = [𝜎2

x , 𝜎xy ; 𝜎xy , 𝜎
2
y ]; 𝜎x = 0.25, 𝜎y = 0.75, 𝜎xy = 0.15; xT

0 = (−1.0,−1.0); xT
1 = (1.5, 0.5).

compared to (11), which confirms the correctness of the derived expressions equations (11)–(14). Note here
that, in general, the peak of this distribution, at �̄�, is neither at the same x coordinate of the data point, shown
as V in Figure 3, nor is it at the point whose perpendicular passes through the data, shown as point P in Figure 3.
Note also the promised symmetry in the treatment of data errors in the x and y direction. This is seen in expres-
sions (11)–(14) which are independent of the coordinate system used, rendering the likelihood function only
dependent on the position of the line segment relative to the data point. This is also apparent from Figure 3.

Since for this case the conditional likelihood function along the linear segment is another Gaussian, it is pos-
sible to obtain the integrated likelihood equation (5) in closed form. Specifically, we substitute equation (11)
into equation (5) and perform the integration to obtain

p(d|c) = 𝜎𝜃

2
√

2𝜋|C|1∕2
exp {−𝜅∕2}

[
erf(t2) − erf(t1)

]
, (15)

where erf(t) is the Error function

erf(t) = 2√
𝜋 ∫

t

0
e−t2

dt, (16)

and t1 = −�̄�∕
√

2𝜎𝜃 , t2 = 1−�̄�∕
√

2𝜎𝜃 . Equation (15) gives the likelihood that the data point at d was generated
from a true point anywhere along a given line segment.

3.2. Multiple Partitions
Equation (15) is the integrated likelihood for a single data point over a single finite line segment. Extending
this result to k line segments and N independent data (see Figure 4) (15) becomes

p(d|c) = N∏
i=1

k∑
j=1

lj𝜎𝜃,i,j

2
√

2𝜋|Ci|1∕2
exp

{
−𝜅i,j∕2

} [
erf(t2,i,j) − erf(t1,i,j)

]
, (17)

where subscripts indicate dependence on the ith data point and jth line segment, respectively, lj is the ratio of
the line length of the j segment to the entire curve,

∑
j lj = 1, and enters because with multiple line segments

the uniform PDF on the source position in equation (3) becomes

p(𝜃i,j|c) = lj

L
, L =

k∑
q=1

||x0,q − x1,q||, (18)
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Figure 4. Parameterization for transdimensional partition modeling. Here a four-segment linear polynomial curve (red)
is constrained by 14 data points (circles). The control nodes of the piecewise linear model are the locations of the five
vectors xk , (k = 0,… , 4). Parameters allowed to vary are the y positions of all nodes and the x positions of nodes
1 to 3. The number of linear segments, k, is also a variable, and all parameters are sampled probabilistically using a
Markov chain.

where (x0,j, x1,j), (j = 1,… , k) are the endpoints of the line segments controlling the shape of the curve and
collectively represented by c (see Figure 4).

In the likelihood expression, equation (17) integration over multiple segments results in the summation over
k terms, while the product over data points results from multiplication of independent likelihood functions
for each data point. In applications it is often more practical to evaluate the negative log of the likelihood,
which for equation (17) is given by

− ln p(d|c) = −
N∑

i=1

ln

(
k∑

j=1

lj𝜎𝜃,i,j

2
√

2𝜋|Ci|1∕2
exp

{
−𝜅i,j∕2

} [
erf(t2,i,j) − erf(t1,i,j)

])
. (19)

This expression can be conveniently used within standard partition modeling algorithms [Sambridge et al.,
2006; Gallagher et al., 2009] and thereby provides the sought after extension to the case where errors are
present in both coordinates of the observations. Computationally, however, there is additional cost because
where the standard least squares likelihood (7) only involves a single summation over the data, the new log
likelihood expression (19) requires a double summation over data and partitions.
3.2.1. Special Case of a Linear Polynomial
It is instructive to examine the special case of the integrated likelihood for a single partition (k = 1) with
an infinitely long line, i.e., a linear polynomial. For this case l1 = 1, t1,i,1 → −∞, t2,i,1 → ∞, and we have
erf(±∞) = ±1, and so (17) is replaced by the simpler expression:

p(di|c) = 𝜎𝜃,i√
2𝜋|Ci|1∕2

exp
{
−𝜅i∕2

}
, (i = 1,… ,N) (20)

and the negative log likelihood for N data (19) becomes

− ln p(d|c) = −
N∑

i=1

ln(𝜎𝜃,i) +
1
2

N∑
i=1

ln(2𝜋|Ci|) + 1
2

N∑
i=1

𝜅i. (21)
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For this case the evaluation of 𝜎𝜃,i and 𝜅i follows equations (13) and (14), respectively, noting that for a point
on the infinite line equation (9) may be rewriten

f(𝜃) = x0 + 𝜃b, (22)

where the independent variables become x0, which is any point on the line, and b which is any vector parallel
to the line.

4. Partition Modeling With the Integrated Likelihood Function
4.1. A Toy Problem
Figure 4 shows the setup for partition modeling on a piecewise linear polynomial model, which consists of
piecewise continuous linear segments with a variable number of partitions/segments. For the four-segment
model shown the x location of the first and last point on the curve, the control nodes, are fixed at 0 and 1,
respectively, while x and y locations of all other nodes are allowed to vary, as are the number of partitions. The
total number of unknowns is then twice the number of partitions, k, plus the value of k itself. We represent
the node positions as a vector c of length 2k and specify a uniform a priori PDF

p(c|k) = (k − 1)!
(xmax − xmin)k−1

× 1
(ymax − ymin)k+1

, (23)

where (xmax, xmin) and (ymax, ymin) are predetermined prior ranges for x and y, respectively. This is a product
of uniform independent prior PDFs for x and y variables of each node multiplied by a factor, (k − 1)! which
accounts for the number of ways the number of nodes may be ordered. For the x variable this corresponds
to a Dirichlet distribution [Steininger et al., 2013]. The different exponents are due to the fact that the lowest
and highest endpoints are only allowed to vary in their y component. For example in Figure 4 there are k = 4
partitions and five nodes, with three nodes moving in x position and all five in the y.

Here we perform transdimensional, or trans-D Bayesian inference, which means the number of unknowns,
controlled by the number of partitions, is itself allowed to vary (see Sambridge et al. [2013] for a review). A
prior PDF on the number of partitions is required and in this case is set to a uniform distribution between 1
and kmax

p(k) = 1
kmax − 1

, (24)

Bayes’ rule gives the a posteriori PDF for the support of the unknowns provided by the data

p(c, k|d) = 𝜆p(d|c, k)p(c|k)p(k). (25)

where 𝜆 is a normalizing constant.

To solve the inverse problem the reversible jump Markov chain Monte Carlo algorithm RJ-McMC is used to
generate an ensemble of solutions with variable numbers of partitions by sampling the posterior PDF in (25)
[Geyer and Møller, 1994; Green, 1995; Denison et al., 2002; Gallagher et al., 2011].

Figure 5 shows a synthetic data set used to illustrate partition modeling with the integrated likelihood func-
tion. Here the N = 20 data points are calculated from randomly distributed points along the four partition
piecewise linear curve, each with a random 2-D vector added, 𝝐i(i = 1,… ,N). The 𝝐i are draws from the 2-D
Gaussian with mean zero and diagonal covariance matrix C with entries 𝜎2

x = 0.0009, 𝜎2
y = 0.0025. The priors

on x and y correspond to xmin = 0, xmax = 1.02, ymin = 0.6, ymax = 1.4.

To be complete, some details of the sampling algorithm need to be specified. In particular, at each step of the
Markov chain a perturbation is made to the current curve formed by randomly choosing one of four perturba-
tion classes, a node “birth” step, a node “death” step, a move in the x coordinates of a randomly chosen control
node, or a move in the y coordinates of a random node. The probability of both node birth and death occur-
ring is 5%, while probability of a node move in either x or y direction is 45%. In a birth step an additional node is
inserted uniformly randomly between (xmin, ymin) and (xmax, ymax) thereby increasing the number of partitions
by one, k → k + 1. Similarly, in a depth step a random (interior) node is deleted, k → k − 1. To perturb nodes

SAMBRIDGE PROBABILISTIC REGRESSION WITH NOISE 4997



Journal of Geophysical Research: Solid Earth 10.1002/2016JB012901

Y

X

0.6
0.0 0.2 0.4 0.6 0.8 1.0

0.8

1.0

1.2

1.4

Figure 5. Data set for the numerical example used to illustrate
partition modeling with the integrated likelihood function (5).
Here the true solution is a piecewise linear polynomial with four
segments/partitions shown in red, which is constrained by 20
data points (solid circles). The standard deviations of errors in
data points are shown and are 𝜎x = 0.03, 𝜎y = 0.05, 𝜎xy = 0.0.
The green dashed line is a randomly generated piecewise linear
model with the correct number of partitions, which was used
as a starting guess for maximum likelihood estimation
(see Appendix B).

in either x or y directions, a Gaussian distribu-
tion is used, centered on its current value with
standard deviations 𝜎x = 0.01, or 𝜎y = 0.05.
For each perturbation class the proposed
model is either accepted or rejected accord-
ing to the Metropolis-Hasting probabilistic rule
[see Sambridge et al., 2006; Gallagher et al.,
2009], which in this case reduce to acceptance
of the perturbed model depending only on
the likelihood ratio between the unperturbed
and perturbed curve. For the given priors and
perturbation mechanisms the Markov chain
possesses “detailed balance” which means
convergence to the target variable dimension
posterior distribution equation (25) is ensured.
This Markov chain is run for 105 steps, and a
final ensemble is collected from samples in the
second half of the chain only. For full imple-
mentation details see Gallagher et al. [2009,
2011] and Sambridge et al. [2013].

Figures 6–10 show results from McMC chains
using both the new integrated likelihood
equation (17) allowing for errors in both x and
y variables and a standard likelihood which

accounts only for y errors, equation (7). In both cases the prior PDF on the number of partitions is uniform
between 1 and kmax = 20. Figure 6 shows the negative log likelihood of the piecewise linear curve at each
step of the McMC chain. For both ensembles the chain is started from a randomly generated curve, but the
likelihood is quickly reduced to a lower value where it proceeds to sample the posterior PDF in the high proba-
bility space both increasing and decreasing the likelihood. It is important to only collect the output ensemble
once the chain has converged which, in general, is difficult to judge. Here convergence is assumed from step
50,001 onward, which is probably overly conservative.

Figure 7 shows the mean curve of each ensemble (blue), which we define as the average of y position of each
curve in the ensemble as function of the x position together with the 95% credible interval for the y position
(shaded gray). In both cases the mean model is a reasonable first-order recovery of the true four-segment
curve in Figure 5. However, when the x errors in the data are ignored (left), both the mean model and the 95%
credible intervals are more complex containing extraneous detail, whereas the integrated likelihood has led
to smoothly varying mean and credible intervals.

Figure 6. Comparison of partition modeling results for convergence of the McMC chain. (left) The negative log
likelihood for the case where x errors are ignored, given by equation (7), as a function of chain step. (right) Similar results
for the integrated likelihood equation (17) allowing for x errors. The likelihood values are not directly comparable, but
both show apparent convergence relatively quickly. Samples used in all other plots are from the second half of each
chain, both of which contain 5 × 104 models.
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Figure 7. Results of partition modeling of a four-segment linear model (shown as red curve in Figure 5). (left) The 95%
credible intervals recovered with a standard Gaussian likelihood equation (7) where only the y errors of the data are
taken into account. (right) Sampling based on the new integrated likelihood function (17) allowing for both x and y
errors. The blue curve is the running mean of the ensemble as a function of x values. The 20 data points have Gaussian
errors with 𝜎x = 0.03, 𝜎y = 0.05, 𝜎xy = 0.0. Ignoring the x errors in the data results in a more erratic set of credible
intervals as well as a slightly more structured mean profile.

Figure 8 shows more detailed information on the density of ensemble of curves, represented as a heat map.
The ensemble based on the integrated likelihood has a more uniform distribution of curves about the true
solution (right), whereas when x errors are ignored (left) the density is more irregular and noticeably less dense
in parts of the curve where the data density is low, e.g., in the x interval 0.3 to 0.5. A point worth noting is that
when x errors are ignored (Figure 8 (left)) there are several “holes” in the posterior PDF about the mean curve,
e.g., around x = 0.55. This is because the data poorly sample this region, and uncertainty in the solution is
therefore large. However, when x errors are taken into account (Figure 8 (right)), each data point constrains
a sizable portion of curve in its vicinity along the x axis, and the holes disappear. By allowing for x errors, the
curve is better constrained and uncertainty reduced.

Figure 9 shows the posterior distribution of the number of partitions, i.e., k. In both cases the natural parsimony
of trans-D Bayesian inference is observed in the falloff of the distributions with increasing k. Recall here that
the prior PDF on k is uniform between 1 and 20, but introduction of the data results in posterior ensembles
which are skewed to lower numbers of unknowns with a maximum between 5 and 8 partitions in both cases.
Natural parsimony is a feature of Bayesian inference with variable numbers of unknowns, which means that
as more unknowns are introduced the probability density decreases and so simpler models are preferred over
more complex ones that fit the data equally. For a fuller discussion see Sambridge et al. [2006, 2013]. With
noise in the data we do not expect the peak of the distribution to faithfully fall on the correct value of k = 4;

Figure 8. Comparison of partition modeling results for ensemble densities. All details same as for Figure 7. Here results
show the density of each ensemble on a color scale with warm colors indicating high density and cold colors low density
of paths. The running mean and median path are shown as dashed and solid black lines, respectively. The 95% credible
intervals are shown as white dotted lines. Not accounting for x errors means that the data are unable to constrain parts
of the curve, e.g., near x = 0.55, with a standard likelihood, resulting in large uncertainty. When x errors are accounted
for with the integrated likelihood, the density holes disappear as constraint is increased and uncertainty reduced.
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Figure 9. Comparison of partition modeling results for number of partitions. All details same as for Figure 7. When errors
are accounted for in (right) both x and y directions the posterior PDF on the number of partitions is skewed toward
fewer partitions, than when (left) x errors are ignored. The more parsimonious solution produced by the integrated
likelihood function is closer to the truth in this example which has four partitions in the true piecewise model (Figure 5).

however again, we observed some difference between the two sets of results. When both data errors are
accounted for (Figure 9 (right)) the PDF has more of its mass toward the lower k end, which is consistent with
observing a simpler mean model in Figure 7.

Figure 10 shows the posterior distribution of the location of the changepoints, i.e., x locations of the segment
endpoints (see Figure 4). In the true model there are discontinuities in gradient at locations x = 0.3, 0.6, and
0.8, shown as green dots in the figures. Only the latter two changepoints seem to have been recovered well in
Figure 10 (right). There is a broad maximum in the histogram around x = 3 indicating greater uncertainty, but
note the peak at x = 3 is nevertheless well represented in the posterior density image, Figure 8 (right). When
x errors are ignored (left) the PDF has identifiable peaks below x = 0.6 and above 0.3, and a minor one at 0.8.

This example illustrates the usefulness of the integrated likelihood function equation (17) in partition
modeling. In Appendix B we show an example of maximum likelihood estimation for the same data set for a
piecewise linear polynomial with a fixed number of partitions. In particular, we provide closed form expres-
sions for the derivatives of the integrated likelihood with respect to the segment unknowns and compare
solutions for each likelihood.

4.2. Reconstruction of Relative Sea Level Over the Past 500,000 Years
To demonstrate changepoint modeling with the new integrated likelihood function on a real data set, we
apply it to the problem of reconstructing global relative sea level over the period 0 to 500 ka before present
from 1928 sea level estimates derived from 𝛿18O measurements. This data set is from Rohling et al. [2009] with
the chronology established in Grant et al. [2012, 2014]. The underlying Red Sea methodology used to derive
relative sea level estimates was first developed by Rohling et al. [1998] initially for sea level lowstands and then
fully developed in Siddall et al. [2003, 2004]. A consideration of error processes led to uncertainty estimates in

Figure 10. Comparison of partition modeling results for location of gradient changepoints. All details same as for
Figure 7. Here taking account of (right) x errors in the data produces a posterior PDF on changepoint locations which
better resolves the gradient discontinuities in the true model at x = 0.6 and x = 0.8 but less well at (left) x = 0.3 than
when errors are ignored. Green dots show locations of actual gradient changepoints (see red line in Figure 5).
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Figure 11. (top panel) The 1928 relative sea level estimates over the past 500,000 years together with estimated noise
in both height and time used to illustrate partition modeling with the integrated likelihood. (lower panel) The ensemble
of relative sea level values from partition modeling. The gray shaded region shows the 95% credible intervals. The
ensemble mean model (blue) is shown together with the relative sea level model obtained by Grant et al. [2014] (green),
hereafter referred to as the Reference model. Sea level data set is from Rohling et al. [2009] and Grant et al. [2012, 2014].

both relative sea level height and time, resulting in the complete data set shown in Figure 11. Using a Monte
Carlo approach, Grant et al. [2014] derived an estimate of a maximum probability relative sea level curve for
this data set consisting of 3937 linear segments. Estimates of both relative sea level and their rates of change
over Pleistocene glacial cycles are important for assessing preanthropogenic forcing of the climate [Grant
et al., 2014]. For the purposes of illustrating the extended partition modeling algorithm this data set is ideal
because it is a relatively large in number, irregular in distribution over the time axis, has a complex oscillatory
time-dependent signal, and well-defined error estimates in both height and time. In addition, changepoint
modeling has not previously been attempted for this class of data, and so its application and uncertainty
estimates that result are themselves novel.

Previous authors have recognized the need to take a probabilistic approach to sea level reconstruction. Kopp
et al. [2009] made a probabilistic assessment of sea level over the last interglacial stage (∼125 ka before
present). Their study seeks the posterior probability distribution of sea level curves, as do we, but does so
using a Gaussian process model which assumes the posterior PDF to be multivariate Gaussian. Here no such
assumption is made as the noise distribution can take any form, and indeed, the integrated likelihood (17) is
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not a Gaussian, even when the observational noise in both height and time are Gaussian. Grant et al. [2014]
estimate a maximum probability relative sea level history by generating an ensemble of piecewise linear sea
level curves, each of which pass through different random realizations of the observations, i.e., the control
nodes in Figure 4 lie at the locations of the (x, t)data points plus some synthetic noise. With the new integrated
likelihood function there is no need to restrict candidate sea level curves in this way, because the likelihood of
any piecewise curve can be measured. Hence, Monte Carlo changepoint sampling can in principal explore a
wider variety of potential solutions, which is key to obtaining unbiased estimates of the posterior distribution
and hence estimates of uncertainty in both sea level heights and gradients.

Our primary purpose is to illustrate use of changepoint modeling with the new integrated likelihood on this
data set, and as such we only examine the regression problem, ignoring any additional constraints that may
be available, e.g., on sea level or gradients from independent sources. A practical limitation of the new like-
lihood function for a curve with of the order of 103 linear segments is the sheer computational expense of
evaluating (17). In this case the summation term in (17) increased the computational cost of between 1 to 2
orders of magnitude compared to a standard likelihood (7) based on height discrepancies alone. This makes
changepoint modeling impractically expensive, and so our solution is to divide the time range of into 623
overlapping windows each containing 60 sea level estimates which are offset from neighboring windows by
three data points. This means every pair of neighboring time windows have 54 data points in common. This
division is justified because the errors in the chronology of the observations are about 1% of the time range
of the data, and so the likelihood summation in equation (17) will have many terms near zero. With reduced
numbers of data and curve complexity in each window the likelihood evaluation becomes manageable. The
particular choice of window length and number is a compromise between having sufficient data in each time
interval to constrain sea level variations and not too many so that computational cost of evaluating the like-
lihood was prohibitive. In our case, calculations in each time window were performed in parallel on a 1100
core computational cluster. For each time window the actual computation time varied between 1 and 36 h
with a median of 3 h. This variation is due to the fact that the history of sea level variation is more complex
in some time windows than in others. When the signal is complex, the algorithm introduces more linear seg-
ments in the curves because the data demand it, and since the computational cost of likelihood evaluation is
proportional to the number of linear segments, the compute time is higher.

Within each time window the same reversible jump Markov chain Monte Carlo algorithm was used as in the
toy problem, with priors on node height and time set to be uniform. Again, the Markov chain was based on
Gaussian perturbations of nodes in height and time with standard deviations equal to the smallest values of
the height, y and time, t, data errors in the window. These amounted to 𝜎t varying between 0.03 to 2.3 ka
increasing with age, and 𝜎h = 6 m for all ages. The minimum number of partitions/linear segments was set
to 1 and the maximum to 110% of the number of data in the window (i.e., kmax = 66). For each window a
single Markov chain is run for 106 perturb accept-reject steps starting from a randomly generated piecewise
linear curve with k = 33 segments. Each chain undergoes an initial convergence phase where likelihood (fit
to data) is increased and the number of segments decreased to O(10) similar to those in Figure 6. After some
experimentation on monitoring convergence of the likelihood, it was decided to discard the first 105 curves
in each ensemble (the burnin), while the remainder were taken as the posterior ensemble and are considered
a representative collection of curves supported by the data.

For display and analysis purposes we need to combine the 623 ensembles of curves from overlapping time
windows into a single ensemble covering the entire time range 0 to 500 ka. Representative properties of
the combined ensemble, e.g., mean, median, mode, and credible intervals, are derived by taking a weighted
average of the corresponding window curve at each time point, where the weights are inversely proportional
to the standard deviation of the sea level heights in the window and the distance in time to the center of the
window. The sea level ensemble mean and mode curves plotted in Figures 11–16 are all calculated in this
way. In addition, we calculate a combined ensemble density of curves for the entire time range 0 to 500 ka
by taking a weighted geometric mean of the ensemble curve densities of each intersecting time window.
Specifically, the time axis is divided into 6294 bins over the range 0–500 ka and 305 bins of relative sea level
in the range −118 to 21 m. For each bin a combined probability density estimate is created from the product
of the individual window probability densities in the same bin, raised to the inverse power of the number
of windows that overlap each bin. By combining time windows in this way, we obtain a set of combined
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Figure 12. Ensemble of relative sea level values in the time interval 18 ka to 143 ka from partition modeling. The 95%
credible intervals are shown as gray shaded region. The ensemble mean model (blue) is shown together with the
reference solution of Grant et al. [2014] (green).

curves for all ensemble properties such as mean, median, mode, and credible interval, as well as a combined
probability density image as in Figures 15 and 16 which appear to adequately reflect the information content
of the individual time windows.

Lower panel, Figure 11 shows the mean model calculated in this way (blue curve) together with the sea level
model of Grant et al. [2014] (green curve) and the 95% credible intervals of sea level height (gray shaded
region). Both curves have been adjusted to force the mean relative sea level in the 0–1.5 ka interval to be
zero. At this scale the two sea level curves are broadly similar across the entire range, while the uncertainty
estimates represented by the credible intervals vary significantly in size reflective of the irregularity of the
data distribution and noise estimates. Figure 12 shows an enlarged section of the same figure for the period
18 to 142 ka. Here the differences between the two curves is more noticeable where the ensemble mean is
smoother than the curve of Grant et al. [2014] without the higher-frequency structure. The simpler structure
of the mean contains only those features shared by all curves in the posterior distribution and provides a use-
ful comparison to the more complex features in the reference curve. This also demonstrates the well-known
parsimonious nature of Bayesian Inference [see Sambridge et al., 2006] which means always simpler solutions

Figure 13. Ensemble of gradient values in the time interval 18 ka to 270 ka from partition modeling. The 95% credible
intervals are shown as gray shaded region. The ensemble mean model (blue) is shown together with the reference
solution of Grant et al. [2014] (green).
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Figure 14. Ensemble of relative sea level values in the time interval 109 ka to 150 ka from partition modeling. The 95%
credible intervals are shown as gray shaded region. The ensemble mean model (blue) is shown together with the
reference solution of Grant et al. [2014] (green).

are always preferred over more complex ones provided they are supported by the data. Again, the variability
of 95% credible intervals tracks the spread of the observations.

Since the variables in each sea level curve are the heights and times of the nodal points (see Figure 4), it is
straightforward to directly calculate the sea level gradient mean, credible intervals, and ensemble density
as a function of time. Figure 13 shows the mean, reference, and credible intervals for the rate of change of
the sea level height over the entire time interval 0–500 ka. Again, the ensemble mean from changepoint
modeling and the model of Grant et al. [2014] are remarkably similar with the latter showing higher-frequency
variability and the former retaining only longer wavelength structure. Again, the variability of the mean model
represents changes that occur, on average, in all models that are supported by the data, and accordingly,
we would interpret them as the most reliable. The credible intervals quantify the uncertainty in the gradient
and show large variations over the time range. This is unsurprising and simply reflects error amplification in
estimating gradients from noisy observations. Interestingly, there are also intervals where credible intervals

Figure 15. (a) Ensemble of sea level values in the time interval 120 ka to 133 ka from partition modeling. The ensemble
density is shown as a color scale with ensemble mean (blue) and mode curve (red) together with the reference solution
of Grant et al. [2014] (green). (b) The histogram of a posteriori ensemble sea level curves at 129 ka represented by a
white dashed line in Figure 15a. The blue and green markers indicate the sea level height of the ensemble mean and
the reference model, respectively. Dashed lines show the 95% credible intervals. The model of Grant et al. [2014] lies
within the credible intervals which is centered about the mean value of 10.7 m.
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Figure 16. A posteriori density of sea level gradients in the time interval 110 ka to 135 ka before present from partition
modeling, which includes marine isotope stage 5e. The ensemble density is shown as a color scale with ensemble mean
(blue) together with the reference solution of Grant et al. [2014] (green). Purple shades approximately mark the 95%
credible intervals.

in gradient are relatively narrow, indicating well-constrained gradients. Only in a very few places does the
reference model gradient stray outside the 95% credible intervals of the posterior ensemble, again suggesting
consistency between the two solutions.

To illustrate the richness of information in the posterior ensemble, we show a second enlargement of sea level
height in the range 109–150 ka in Figure 14, which covers the latter part of marine isotope stage 6 (peak
glacial) through to stage 5d, where marine isotope stage 5e is the peak of the last interglacial period. Here the
peak sea level and its gradient are of particular interest which occur at about 129 ka. We see the ensemble
mean curve is at a higher value than that of Grant et al. [2014] at the peak but for the most part reasonably con-
sistent elsewhere. Figure 15a shows the full probability density of the sea level ensemble in this interval, with
warmer colors representing high probability density. Here the mean and the mode of the PDF are displayed
relative to the reference curve, all of which pass through high probability regions at all points except close to
the peak. Figure 15b shows the histogram of sea level heights at 129 ka (a cross section of the PDF in Figure 15a
along the dashed white line). The shape of the distribution is unimodal but skewed in favoring higher values.
The posterior mean height at t = 129 ka is 10.7 m, and the reference curve height at 2.9 m is one of the areas
where the discrepancy between the two is greatest. However, the solution of Grant et al. [2014] just lies within
the 95% credible interval at this time point which is 2.6 m–16.6 m meaning that they are consistent at this level
of uncertainty. This shows the importance of estimating quantitative measures in interpreting results of infer-
ence. By examining detailed features of the ensemble, in this way quantitative information can be recovered
on both the sea level and its uncertainty at any time or over any interval. Figure 16 shows the ensemble den-
sity of gradients over the interval 100 to 135 ka. Again, the ensemble gradient mean and the solution of Grant
et al. [2014] are very similar with the maximum probability showing a sea level rise of 2 cm/yr over 130–135 ka
and a fall to zero at the local sea level maximum at about 129 ka and then a decline of about 0.5 cm/yr on
average between 115 and 125 ka. Again, we are able to quantify uncertainty in the form of credible intervals
of the gradient at any time point. At t = 133 ka before present the 95% credible interval is 0.9 to 3.2 cm/yr,
while the 68% credible interval is 1.6 to 2.4 cm/yr, while at t = 125 ka this changes to credible intervals of−2.2
to 2.6 cm/yr and −0.8 to 0.7 cm/yr for the probability levels of 95% and 68%, respectively. By detailed exam-
ination of the posterior ensemble of sea level curves in this way, it is possible to quantify what support the
data have for virtually any sea level property while propagating uncertainty from the observations. As with
all inference from noisy data, conclusions drawn from such analysis are conditional on assumptions on the
nature of the data noise statistics.
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5. Discussion and Conclusions

A theory has been presented which extends the use of Bayesian changepoint modeling to the case where
observational errors are present in both regression variables. The key development is the derivation of a like-
lihood function for either dependent or independent correlated Gaussian observational errors constraining
an arbitrary piecewise linear curve. The general regression problem involving data with errors in both x and
y directions is formulated by introducing a new variable for each data point which represents its (x, y) loca-
tion if there were no observational error. By integrating over the location variables, one arrives at a likelihood
expression that measures the probability of observing the data given only parameters controlling the curve,
as shown in equations (5) and (8). For the particular case of a piecewise linear curve we obtain closed form
expressions for the integration of the likelihood along each segment (15) and hence for the whole curve (17).
The new likelihood function is consistent with earlier results for fitting arbitrary 2-D curves to scattered data
[Werman and Keren, 2001] and can also be justified from a straightforward application of rules of probability
that allow suppression of unknown variable by integrating over their domain (equation 3). Nevertheless, the
concept of likelihood integration does not appear to have been previously used in reconstruction of complex
time signals.

The integrated likelihood expression allows an extension to changepoint modeling to the case where data
noise has an arbitrary distribution, rather than being confined to the y variable alone. The new likelihood may
be used in conjunction with the partition modeling algorithm of Gallagher et al. [2009] to perform Bayesian
changepoint sampling of time series data. This results in an ensemble of regression curves consisting of a
variable number of piecewise linear polynomials. From the posterior ensemble of curves the mean, median,
or mode may be determined as well as full posterior density images of curve sampling and credible intervals
for any property of interest.

We present two examples demonstrating our changepoint algorithm based on the new likelihood. The first is
a synthetic example where changepoint modeling with the new integrated likelihood (17) is compared to a
standard likelihood function (7) which assumes errors in y observation only. In the numerical example the data
errors in the x direction are 60% of those in the y direction, and changepoint sampling with either likelihood
recovers the true signal and its gradient changepoints reasonably well, with a noticeably more parsimonious
solution achieved when x data errors are accounted for. Uncertainty estimates differ between the two cases,
with credible intervals more narrow when x errors are accounted for, in parts of the curve poorly constrained
by the data. With the integrated likelihood each data point constrains the entire curve, rather than just the
curve height at a single point, which is the case when x errors are ignored. Hence, a better constrained result
occurs when x or t errors are properly taken into account.

A second example illustrates the application of changepoint modeling to a large data set of 𝛿18O sea level esti-
mates over the past five glacial cycles, 0–500 ka before present. In this case evaluation of the new likelihood
proved to be prohibitive for the entire data range due to the computational expense of repeated integrations,
and so partition modeling was performed in multiple time windows and then results combined. For this data
set the posterior ensemble of sea level curves provides a comprehensive solution to the regression problem,
from which many useful properties can be derived, such as the mean sea level curve, together with quantified
uncertainty in the form of credible intervals on both relative sea level height and rate of change as a function
over time. Images of the posterior density of curves and comparison of the posterior mean with a previous
sea level reconstruction of Grant et al. [2014] is illuminating. As a by product the ensemble of solutions pro-
vides probabilistic information on uncertainty to be obtained in both height and gradient over any scale or
time period. Together, the two examples illustrate the utility of extending partition modeling to the case of
errors in both observational coordinates, as well as its practical implementation for large data sets.

The extended likelihood expression introduced here also has applications in problems where Bayesian sam-
pling is undesired or impractical. In particular, it may be used as the basis of a classic maximum likelihood
approach, where a single optimal curve is sought with a fixed number of unknowns (partitions). In this case
both the likelihood and its derivatives with respect to control parameters of the curve are required. For com-
pleteness we also present closed form expressions for the derivative of the negative log likelihood with respect
to the endpoints of the piecewise linear curves, in Appendix B. A numerical example is also given of maximiza-
tion using the new integrated likelihood function and comparison to the standard approach ignoring x errors.
Results show that similar to its use in partition modeling, the integrative nature of the new likelihood function
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allows it to both better represent the actual data errors and also creates a more stable optimization process
in maximizing the likelihood, with convergence observed from a much wider range of starting guesses.

Our examples deal only with regression curves consisting of a continuous piecewise linear function; however,
the theory is equally applicable to the case of piecewise linear segments with discontinuities at the nodes,
either with a finite or zero gradient. Hence, it may also be used for curves built from zeroth-order polynomials
(i.e., constants) in each partition. This case is the basis of many previous studies [Denison et al., 2002; Gallagher
et al., 2011; Sambridge et al., 2013]. In practice, the main changes for a curve built from piecewise constants is
that the y coordinate of the b vector in expressions of section 2 and Appendix B is zero.

The primary limitation of the integrated likelihood expression (17) is the computational cost in evaluating it
for curves built from many linear segments as in the second numerical example. Our multiwindow solution is
a practical one, but somewhat of a compromise forcing the tedious requirement to combine posterior ensem-
bles. An extension of the present work would be to find a more efficient way of implementing the summation
in (17) for curves with many segments. One possibility is to restrict the summation over segments in (17) to
only those “nearby” the data point. Another is to redesign the changepoint sampling algorithm based on the
likelihood expression (15) which has no summation over linear segments. This would require introduction of
an additional “nuisance” unknown for each data point representing the linear curve segment containing the
observation point. Provided that the Markov chain converged, these new variables could subsequently be
integrated out, a common practice in McMC, to arrive at the same ensemble as produced here. This is an area
requiring further study.

A theory has been presented to solve 1-D signal reconstruction problems in a variety of settings from likeli-
hood maximization to full probabilistic sampling where significant errors occur in both regression variables.
In this paper we have not considered the case where surfaces must be fit to data as a function of two variables,
although the theory makes no assumption as to the nature of the observations and is equally applicable to
2-D problems, except an integral over the time, or x axis, would be replaced by a more costly surface integral.
One-dimensional time series reconstruction is common in the geosciences, and with the new likelihood it is
possible to quantitatively evaluate fit to data without invoking assumptions, either explicit or implicit, that
errors are present in one variable only. Beyond regression, we note that the integrated likelihood is equally
applicable to any inverse problem where the unknowns predict a continuous curve to be fit by observations
that are pointwise and have errors in both coordinates.

Appendix A: Derivations of Expressions for a 2-D Gaussian Distribution Evaluated
Along a Finite Linear Path

This appendix provides derivations of expressions (11) to (14) describing the function formed by sampling of
an arbitrary 2-D Gaussian distribution (10) along an arbitrary straight line segment defined by equation (9).
This situation is illustrated in Figure 2.

Combining (9) with (10) and using definitions a = d − x0, and b = x1 − x0, we have

p𝜖(d − f(𝜃)) = 1
2𝜋|C|1∕2

exp
{
−1

2
(a − 𝜃b)T C−1(a − 𝜃b)

}
. (A1)

This expression corresponds to a 1-D Gaussian distribution in 𝜃, the variable which determines position along
the line segment, according to equation (9). With some rearrangement of the exponent it is possible to identify
the mean and variance of this Gaussian as well as its overall amplitude. Expanding the exponent, we get

p𝜖(d − f(𝜃)) = 1
2𝜋|C|1∕2

exp
{
−1

2

[
aT C−1a − 2(bT C−1a)𝜃 + (bT C−1b)𝜃2

]}
. (A2)

⇒ = 1
2𝜋|C|1∕2

exp
{
−1

2
aT C−1a

}
exp

{
−1

2
(bT C−1b)

[
−2

(bT C−1a)
(bT C−1b)

𝜃 + 𝜃2

]}
. (A3)

Completing the square for 𝜃 in the final term in brackets, we have

p𝜖 =
1

2𝜋|C|1∕2
exp {−𝜅∕2} exp

{
−1

2
(bT C−1b)

[
𝜃2 − 2

(bT C−1a)
(bT C−1b)

𝜃 +
(

bT C−1a
bT C−1b

)2
]}

, (A4)
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where

𝜅 = aT C−1a − (bT C−1a)2

bT C−1b
. (A5)

Recognizing that the 𝜃 term in (A4) is now a quadratic, we have

p𝜖 =
1

2𝜋|C|1∕2
exp {−𝜅∕2} exp

{
−1

2
(bT C−1b)(𝜃 − �̄�)2

}
, (A6)

where
�̄� = bT C−1a

bT C−1b
. (A7)

This expression can now be written in Gaussian form

p𝜖(d − f(𝜃)) = 1
2𝜋|C|1∕2

exp {−𝜅∕2} exp

{
−(𝜃 − �̄�)2

2𝜎2
𝜃

}
(A8)

where
𝜎2
𝜃
= bT C−1b. (A9)

This completes the necessary derivations. We see that 𝜅 represents the amplitude scale factor of the Gaussian,
�̄� is the mean, and 𝜎2 the variance, all of which are functions of the line endpoints (x0, x1), the data point d
and the data covariance matrix, C.

Appendix B: Maximum Likelihood Estimation and Derivatives of the Integrated
Likelihood Function
An alternative, or precursor, to partition modeling is likelihood maximization, where a piecewise linear model
with k segments (Figure 5) is fit to observations. Maximum likelihood methods have also been developed
for data fitting with piecewise-linear functions by Teeter [1982], Gbur and Dahm [1985], and Küchenhoff and
Carroll [1997]. A maximum likelihood solution is obtained by maximizing equation (17) or equivalently mini-
mizing of the negative log likelihood equation (19) with respect to the endpoints of each segment, (x0,j, x1,j),
(j = 1,… , k). To evaluate these, we first rewrite the likelihood, (17), in the form

p(d|f) = N∏
i=1

k∑
j=1

lj𝜙i,j(x), (B1)

where 𝜙i,j(x) is the probability of the ith data point given the jth line segment, and the vector x represents
the collection of endpoints on the piecewise linear curve. With this notation, the negative log likelihood (19)
is rewritten as

− ln p(d|f) = −
N∑

i=1

ln

(
k∑

j=1

lj𝜙i,j

)
. (B2)

Differentiation with respect to the endpoints of the qth segment, (x0,q, x1,q), gives

𝜕

𝜕zq

[
− ln p(d|f)] = −

N∑
i=1

Φ−1
i

K∑
j=1

(
lj

𝜕𝜙i,j

𝜕zq
+ 𝜙i,j

𝜕lj

𝜕zq

)
(q = 1,… , k). (B3)

where zq represents either vector x0,q or x1,q, and Φi =
∑k

j=1 lj𝜙i,j , which is the likelihood of the ith data
point given all segments. It is convenient to use this notation so that each endpoint is independent and only
influences the likelihood contribution of its own segment and so we have

𝜕𝜙i,j

𝜕x0,q
=

𝜕𝜙i,j

𝜕x1,q
= 0 j ≠ q, (q = 1,… , k) (B4)

which gives

𝜕

𝜕zq

[
− ln p(d|f)] = −

N∑
i=1

Φ−1
i

(
lq

𝜕𝜙i,q

𝜕zq
+

K∑
j=1

𝜙i,j

𝜕lj

𝜕zq

)
, (q = 1,… , k). (B5)
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In a continuous piecewise model (Figure 4), endpoints of one segment are the same as the starting point
of the next, i.e., x1,j = x0,j+1, (j = 1,… , k − 1). These constraints are straightforward to include by reducing
the number of variables in the optimization and combining of derivatives (see below). To ease notation, we
continue with the larger independent set of variables.

The derivatives of the relative segment lengths, lj , with respect to the endpoint coordinates, zq, may be
determined from (18). We have

𝜕lj

𝜕x0,q
= −

𝜕lj

𝜕x1,q
= 1

L

𝜕l′q
𝜕xo,q

𝛿j,q −
l′j
L2

𝜕l′q
𝜕xo,q

, (j, q = 1,… , k), (B6)

and
𝜕l′q
𝜕xo,q

= 1
l′q
(xo,q − x1,q), (q = 1,… , k), (B7)

The remaining derivatives in (B5) are simplified using the identity

𝜕𝜙i,q

𝜕zq
= 𝜙i,q

𝜕

𝜕zq
ln𝜙i,q, (q = 1,… , k), (B8)

which gives

𝜕

𝜕zq

[
− ln p(d|f)] = −

N∑
i=1

𝜙i,q

Φi

𝜕

𝜕zq

[
ln𝜙i,q

]
, (q = 1,… , k). (B9)

The derivatives of the log likelihood contributions, 𝜙i,j(x), can be found from (19), i.e.,

𝜕

𝜕zj
ln𝜙i,j =

N∑
i=1

1
𝜎𝜃,i,j

𝜕𝜎𝜃,i,j

𝜕z
− 1

2

𝜕𝜅i,j

𝜕z
+ 2√

𝜋

[
erf(t2,i) − erf(t1,i)

]−1
[
𝜕t2,i,j

𝜕z
e−t2

2,i,j −
𝜕t1,i,j

𝜕z
e−t2

1,i,j

]
. (B10)

where again, zj represents either vector x0,j , or x1,j . Evaluation of (B10) means the calculation of eight vector
derivatives, i.e., 𝜕𝜎𝜃,i,j∕𝜕x0,j, 𝜕𝜎𝜃,i,j∕𝜕x1,j, and𝜕𝜅i,j∕𝜕x0,j , all of which are possible from the expressions above.
Since it is understood that the derivative of the likelihood contribution 𝜙i,j is with respect to the endpoints of
same segment j, it is convenient to drop the subscript j in the following expressions to ease notation. Making
use of the elementary results, we have

𝜕a
𝜕x0

= −I2,
𝜕a
𝜕x1

= 0,
𝜕b
𝜕x0

= −I2,
𝜕b
𝜕x1

= I2, (B11)

where I2 is the 2 × 2 matrix identity, and 0 represents a 2×2 matrix of zeros, we have from (12) to (14)

𝜕𝜎𝜃,i

𝜕x0
= −

𝜕𝜎𝜃,i

𝜕x1
= (bT C−1b)−3∕2C−1b, (B12)

𝜕𝜅i

𝜕x0
= −2C−1

[
a −

(
bT C−1a
bT C−1b

)
(a + b) +

(
bT C−1a
bT C−1b

)2

b

]
, (B13)

𝜕𝜅i

𝜕x1
= −2C−1

[(
bT C−1a
bT C−1b

)
a −

(
bT C−1a
bT C−1b

)2

b

]
, (B14)

𝜕t1,i

𝜕x0
= 1√

2(bT C−1b)1∕2
C−1

[
a + b −

(
bT C−1a
bT C−1b

)
b
]
, (B15)

𝜕t2,i

𝜕x0
= −

𝜕t1,i

𝜕x1
= 1√

2(bT C−1b)1∕2
C−1

[
a −

(
bT C−1a
bT C−1b

)
b
]
, (B16)
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Table B1. Evaluation of the Derivative Expressions (B12)–(B17) and Comparison With Finite Difference Estimatesa

Analytical Finite Difference Reference Equation

𝜕𝜎𝜃,i∕𝜕x0 (0.032998, −0.007857) (0.033002, −0.007857) (B12)

𝜕𝜎𝜃,i∕𝜕x1 (−0.032998, 0.007857) (−0.033008, 0.007857) (B12)

𝜕𝜅i∕𝜕x0 (1.86667,−3.11111) (1.86716, −3.11128) (B13)

𝜕𝜅i∕𝜕x1 (0.80000,−1.333333) (0.80015, −1.333326) (B14)

𝜕t1,i∕𝜕x0 (4.60000,−1.00000) (4.599975, −0.999989) (B15)

𝜕t2,i∕𝜕x0 (−0.066666,0.111111) (−0.066685, 0.111118) (B16)

𝜕t1,i∕𝜕x1 (0.066666,−0.111111) (0.066678, 0.1111106) (B16)

𝜕t2,i∕𝜕x1 (4.733333,−1.222222) (4.7333302, −1.2222206) (B17)

−𝜕[ln𝜙i,j]∕𝜕x0 (0.46698,−1.44451) (0.46724, −1.44460) (B10)

−𝜕[ln𝜙i,j]∕𝜕x1 (0.86667,−0.777785) (0.86679, −0.777782) (B10)

aHere all parameters are for the single linear segment test problem in Figure 5, and derivatives are evaluated for the
four-segment random test model shown in green. Finite difference estimates are based on a ±2.5% perturbation in node
coordinates, x0, x1.

𝜕t2,i

𝜕x1
= 1√

2(bT C−1b)1∕2
C−1

[
b − a +

(
bT C−1a
bT C−1b

)
b
]
. (B17)

By evaluating the terms (B12)–(B17) and using these in (B10), the derivatives of the negative log likelihood of
a single data point with respect to endpoints of a single linear segment may be determined. Combining with
(B5) yields the derivative of the negative log likelihood for multiple data and segments with respect to the
endpoints of each segment.

This completes the derivation of derivative expressions necessary for optimization of the integrated likeli-
hood function. While the derivation is somewhat tedious, evaluation of derivatives is quite straightforward
and, in practice, can be accomplished with similar computer software to that which evaluates the likelihood,
equation (17). Due to the complexity of the expressions, the reader may need some convincing of their accu-
racy. Table B1 provides a numerical verification of derivative expressions (B12)–(B17), where we evaluate them
for the test problem in Figure 5 and compare to finite difference estimates. A comparison of analytical and
finite difference in this case is shown in Table B2. In all cases analytical formulae accurately reproduce finite
difference estimates.

An illustration of minimizing the negative log likelihood (17) using the derivatives (B5)–(B17) is shown in
Figure B1 for the test problem of Figure 5. In this example the number of segments is fixed at the true value
of k = 4 giving a piecewise linear model consisting of 8 endpoint vectors (x0,j, x1,j), j = 1,… , 4). Imposing
continuity, x1,j = x0,j+1, (j = 1, 3) leaves five independent model vectors, written as xk, (k = 0,… , 4). With this
transformation the derivatives with respect to the five independent variables are formed from sums of the
corresponding terms above.

Table B2. Evaluation of the Derivative Expressions (B5) and Comparison With Finite Difference Estimates for the 20 Data
and Four-Segment Piecewise Linear Test Linear Problem, in Figure 5a

Analytical Finite Difference

−𝜕[ln p(d|f)]∕𝜕x0,1 (3.204, −20.638) (3.204, −20.641))

−𝜕[ln p(d|f)]∕𝜕x0,2 (−102.527, −237.039) (−102.287, −236.399))

−𝜕[ln p(d|f)]∕𝜕x0,3 (−382.961, 202.608) (−382.688, 202.527))

−𝜕[ln p(d|f)]∕𝜕x0,4 (82.243, 106.184) (82.205, 106.117))

−𝜕[ln p(d|f)]∕𝜕x1,1 (36.415, −207.603) (36.084, −207.258))

−𝜕[ln p(d|f)]∕𝜕x1,2 (−25.385, −36.091) (−25.375, −36.101))

−𝜕[ln p(d|f)]∕𝜕x1,3 (−351.354, 213.044) (−351.672, 213.254))

−𝜕[ln p(d|f)]∕𝜕x1,4 (114.667, 199.014) (114.524, 199.003))

aFinite difference estimates are based on a ±2.5% perturbation in node coordinates, x0, x1.
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Figure B1. Results of maximum likelihood estimation of the test data set in Figure 5 assuming the correct number of
four partitions. (left) The maximum likelihood solution for optimization of equation (7) where x errors are ignored, and
only the vertical distance between observation and linear segment model is minimized. (right) The integrated
likelihood, equation (17), where the starting guess model is shown in green, the true model in red, and the maximum
likelihood solution in blue, which is a close fit within the noise levels. The 95% confidence intervals (±1.96𝜎) on the
position of the nodes are plotted as blue error bars and determined from the curvature of the negative log likelihood
about the solution. Optimization solutions for the left-hand case were observed to be unstable unless the starting curve
was close to the true solution (see text).

Minimization of (19) with the quasi-Newton Broyden–Fletcher–Goldfarb–Shanno algorithm [Nocedal and
Wright, 2006] is achieved in 37 iterations, requiring 84 evaluations of (19), and 81 derivative vector evaluations
using (B5). This calculation takes a few seconds on a modern desktop computer. The negative log likelihoods
of the starting guess (green curve in Figure B1), solution curve (blue curve), and true model (red curve) are,
respectively, 229.98, 37.03, and 40.08. The minimization has caused the final maximum likelihood solution to
have a slightly better fit to the data than the true model which is to be expected with noisy data. For compari-
son, optimization was also performed for the likelihood equation (7) ignoring x errors (Figure B1, left). The two
sets of solutions are similar; however, optimization is considerably more unstable when x errors are ignored,
and the convergence in Figure B1 (left) was only possible after much experimentation to arrive at a starting
guess unreasonably close to the original red curve in Figure 5.
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