
Assuming propagation along the great circle, the phase slowness  at period T is the integral of 
the phase  slowness along the path. For a source receiver path i:

where C is the phase velocity, θ and  φ are the coordinates of the geographical points along 
great circle i. From a set of path average  measurements  C

i
(T) the regionalization consists in 

retrieving the  local velocities C(T,θ,φ).

The continuous regionalization can be seen as a regionalization in blocks where the size of 
the blocks is decreased indefinitly while their number increases towards infinity.  The 
problem is underdetermined so the  solution is stabilized through the use of an a priori 
covariance function on the model :

The inversion is done using the formalism of Tarantola and Valette (1982b) where the 
unknowns are functions of a continuous variable and the relationship between the data and the 
parameter of the problem is assumed to be linear. The solution of the inverse problem is : 

with : 

The estimation of m(r) presents several practical difficulties that become severe limitations for 
application to large datasets. The first one resides in the estimation of the integral :

The  estimation of A(r) everywhere on the Earth requires us to compute the correlation between 
each geographical point r

i
 of path  i  and each model point r (Fig. 1a). A second practical 

difficulty resides in the computation of S
ij
, which requires the estimation of the double integral :

The  estimation of B requires us to compute for each geographical point r
i
 of path i the 

correlation between r
i
 and each geographical point r

j
 belonging to path j (Fig.1 b) :

Continuous regionalization for massive surface waves dataset
Eric Debayle 1 and  Malcolm Sambridge2

1Institut de physique du globe de Strasbourg, CNRS and Université Louis Pasteur, Strasbourg, France  (Eric.Debayle@eost.u-strasbg.fr)
2Research School of Earth Science, Australian National University, Canberra, Australia (malcolm@rses.anu.edu.au)

Continuous regionalization for massive surface wave datasets
Eric Debayle 1 and  Malcolm Sambridge2

1Institut de physique du globe de Strasbourg, CNRS and Université Louis Pasteur, Strasbourg, France  (Eric.Debayle@eost.u-strasbg.fr)
2Research School of Earth Science, Australian National University, Canberra, Australia (malcolm@rses.anu.edu.au)

We present an optimized version of the Montagner (1986) approach for continuous regionalization of surface wave path-average measurements. The 
Montagner(1986) approach benefits from a sophisticated definition of the a priori information on the model (Tarantola and Valette,1982), particularly useful to avoid 
artifacts in some regions of the Earth that remain undersampled in modern global tomography. However, the estimation of this a priori information is extremely time 
consuming. Our optimization speeds up considerably the computation of the model a priori information so that a few thousand paths can be inverted in a few minutes 
on a single processor to retrieve both the lateral variations in seismic velocities and azimuthal anisotropy. In addition, our code can easily be parallelized. The parallel 
version allows us to invert in a few hours a massive dataset of several tens of thousands of seismograms while preserving the model a priori information. This makes 
the code well designed for building and testing modern global tomographic models. In addition we propose a procedure to obtain a qualitative estimation of how well 
a given parameter can be resolved from the ray coverage. 

Continuous regionalization code :

Summary

Forward problem :

Inversion :

Computational limitations :

∆
ri,r

L
corr

r
i

r
j

r
∆

ri,r

L
corr

r
i

S
i

E
i

E
i

S
i

S
j

E
j

Fig. 1 : a) The estimation of A(r) everywhere on the Earth requires us to compute C
m0

(r
i
,r) between each point r

i
 of a given path i and 

each geographical point  r  of the model before integrating this contribution along path i. b) To compute the integral B, C
m0

(r
i
,r

j
) is 

computed between each point r
i
 of path i and each point r

j
 of path j before being integrated along paths i and j. In both cases, when the 

distance ∆
r,r'

 between two points r and r' is large compared to L
corr

 the exponential term tends toward zero and its computation can be 

skipped. However, a computation of the distance  ∆
r,r'  

and a comparison with L
corr

 are required a large number of times, making the 

inversion impracticable when the number of paths exceeds a few thousand (see Fig. 3a ). 

Optimization :

Application :
Synthetic experiment with 25460 paths average measurements :

Computation of A : Computation of B :

Real data (24124 seismograms, SV map at 150 km depth) :

Performances of the new code :
Number of 

paths
Computation time 

original code
Computation time

optimized code

60
111
223
395
805
1532
3090
5672

50 s
116 s
288 s
762 s
2499 s
7862 s
33889 s

2 s
2 s
5 s
9 s
26 s
67 s
272 s
512 s

Number of paths Number of processors   Computation time (averaged per processor)

11303
16936
25460

32
32
16

2098 s   (~ 35 mn)
7021 s    (~1h57 mn)
11767 s  ( ~3h 16 mn)     

Fig. 3 : a) Tests performed on a PC equiped with a single 2.4 Ghz Pentium 4 processor, with 1Gb  of Ram. b) 
Tests effectued on an IBM Power 4 parallel machine (supercomputer facilities provided by IDRIS*)  using a  
parallel version of the code we have developed. The computation of the integrals A(r)  and B  has been 
parallelized and the parallelization is performed over rays. All the tests have been performed by including 
azimuthal anisotropy in the inversion and adopting a discretization of the final model in cells of 2 x  2
degrees. Note that we also use a conjugate gradient solver instead of inverting the data by data matrix S 
which probably contributes to improve the performance of our code when the number of paths is large.

We optimize the computation of A and B  by exploring for each point r
i
 of the great circle i, only the 'influence 

zone' of the point for which the  contribution of the exponential term to the integrals is significant. The 
exploration is stopped when the limit of this 'influence zone' is reached, avoiding a large number of useless  
∆
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computations and confrontations with L
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Fig. 2 : For each point of the great circle our code locates the current cell, and explores the model in a region located within 2.64 L
corr

(this corresponds 

to an amplitude of 3% of the maximum of the gaussian filter). The influence zone of the path (in red) is the juxtaposition of the influence zones of each 
point of the path (in blue for 3 points on Fig. 2a). Only the model contributions (Fig. 2a) or the path contribution (Fig. 2b) located within the influence 
zone of the ray are  considered in  the  estimation of A and B. No computation is made outside the influence zone.

Fig. 4 : a) Input SV velocity distribution provided by the 3SMAC model of Nataf and Ricard, (1996). b) Final model after the 
inversion of 25460 path average measurements.  The corresponding ray density  has a pattern  similar to the one displayed on 
Fig. 10a for 37320 paths.

Fig. 5 : SV waves heterogeneities and azimuthal 
anisotropy (black bars) at 150 km depth after the 
regionalization of 24124 path average 
measurements. This dataset comes from a 
compilation of 4 tomographic regional studies by 
Debayle et al. 2001, Debayle and Kennett, 2002, 
Heintz et al., 2001 and Priestley and Debayle, 
2002). The corresponding ray coverage is shown on 
Fig. 9a.
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( *IDRIS  : Institut du Développement et des Ressources en Informatique Scientifique) 



Parameterization using natural neighbours

In 2-D, the Voronoi diagram of an irregular set of node divides the plane into a set of regions, one for each node, such that any 
point in a particular region is closer to that region's node than to any other node (Fig. 6a). The Delaunay triangles are simply 
connecting the nodes whose Voronoi cells have common boundaries

The strategy of deleting nodes

A simple quality criterion for the azimuthal anisotropy 
of surface waves

Application : resolving the azimuthal anisotropy of 
long period  SV waves
 
Current waveform inversion techniques (e.g. Cara and Lévêque, 1987; Nolet 1990) 
provide a path-average shear velocity model compatible with a multimode surface 
wave seismogram. From a set of path-average models related to paths with different 
azimuth it is possible to retrieve the azimuthal variation of long period shear waves.  
Our  ability to resolve this azimuthal variation depends on the azimuthal distribution 
of rays.  Here we refine the cellular structure of a starting Voronoi diagram by 
developing a quality criterion which ensures resolution of anisotropic structure in 
each of the final cells. The resulting 'optimized' Voronoi diagram provides a 
measure of our ability to resolve the azimuthal anisotropy of SV waves from the ray 
coverage.

(see also  : http://rses.anu.edu.au/seismology/projects/tireg) 

In seismic tomography, our ability to resolve a given parameter at a given location depends strongly on the distribution of rays which is always irregular. We 
propose a strategy to find a 2D  'optimized' parameterization of the model in which each geographical point belongs to the smallest cell for which a quality 
criterion, related to the resolution of a given seismic parameter, is satisfied.  The resulting  'optimized' parameterization is almost always irregular and the size and 
shape of each cell reflects the way the considered parameter can be resolved. The 'optimized' 2D parameterization therefore provides information about the way a 
given seismic parameter can be resolved from the  ray coverage.

Fig. 6 : a) The Voronoi diagram for a set of 16 nodes in a plane. b) The 
corresponding Delaunay triangulation. The chick 'perimeter' line connects the 
nodes in the convex hull. (after  Sambridge et al., 1995).

Building an 'optimised' Voronoi diagram

If, from the Voronoi diagram of Fig. 6a, we delete a subset of the initial set of nodes,  it is always possible to built from the 
new set of nodes a new Voronoi diagram.  In this new diagram, any point that was previously associated to a given node 
remains associated to the same node if this node has not been deleted. The points associated to a deleted node will be 
incorporated to the neighbouring cells. In other words, after deleting a set of nodes, the remaining cells can only 'grow' or 
'stay the same'. 

Starting Voronoi diagram  

A long period SV wave propagating horizontally in a  slightly anisotropic medium at 
depth z   experiences  an azimuthal variation of the form (see e.g. Montagner and 
Nataf, 1986; Lévêque et al., 1998) :
SV(z) = SV

0
(z) + SV

1
(z) cos (2θ) + SV

2
(z) sin(2θ) 

where θ is the azimuth. A similar relation but with a 4θ variation can be obtained for 
long period SH waves. In most studies, authors concentrate on the 2θ  azimuthal 
variation of long period  Rayleigh or SV waves which is the easiest to retrieve and to 
interpret.

Delete randomly a small proportion 
of the nodes associated with the 

poorest quality criterion

No

New Voronoi 
diagram

Starting Voronoi 
diagram

Evaluation of the quality 
criterion within each cell

Does the quality criterion reach
 the  “resolvability” threshold 

in each cell?

Yes

Optimized Voronoi 
diagram

Voronoi diagram Delaunay triangulation

Fig. 7 : a) Starting Voronoi diagram. b) Flow-chart of the iterative procedure we have used to generate 'optimized Voronoi diagrams. 
Our ability to resolve a given seismic parameter within each cell is measured by a quality criterion. At each iteration, the size of the 
cells  in the new Voronoi diagram increases or stay the same, and our ability to resolve a given seismic parameter within each cell is 
improving.

Fig. 8 : a) The  cos (2θ) and  sin(2θ) azimuthal variation can be retrieved only if the azimuthal range of 180° is sampled by 
at least 3 paths with different azimuths. b)  The quality criterion for the  cos (2θ),  sin(2θ) azimuthal variaton of surface 
waves. By imposing that each cell of our final Voronoi diagram belong to class 1 (at least one path in each 36° box) we 
make sure that in each cell, the azimuthal variation of Rayleigh waves is well resolved.  Red bars simulate the worst 
azimuthal sampling that we can encounter in class 1, where three different azimuths are sampled. 

We choose Voronoi diagram to parameterize the model in 
2D. In the period range of analysis used in global surface 
wave tomography (40 s -300 s) the shortest wavelengths to 
be used are about 160 km and limitations due to the ray 
theory make it difficult to resolve structure smaller than a 
few hundred of kilometers. We therefore impose a square 
2  x 2  degree cell as a minimum size for the starting 
Voronoi cells. Then we follow the flow-chart of Fig. 7b to 
build the 'optimized' Voronoi diagram.
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a) b)

a) b)

Retrieving the 2θ azimuthal variation from global tomography 
(synthetic experiment)

Retrieving the 2θ azimuthal variation from regional tomography 

Fig. 9 : a) Ray coverage superimposed to the 'optimized' Voronoi diagram. b) Optimized Voronoi diagram. 

We apply our procedure to the heterogeneous coverage resulting from an assemblage of regional studies. 
In most of the well sampled regions of our study the initial 2  x 2 degree cells remain in the optimized 
Voronoi diagram, meaning that the 2θ azimuthal variation can geometrically be resolved in each cell. A 
cell elongated in the east-west direction suggests that changes in anisotropic directions are easier to 
resolve in the north-south direction than in the east-west direction.

Fig. 10 : a) Ray density averaged over 4 x 4 degrees cells,  distribution of events (red circles) and stations (purple stars). b) Optimized Voronoi 
diagram. 

With a coverage comparable to what can be achieved in modern global tomography (here 37320 paths with 
lengths greater than 1200 km) it is possible to retrieve the 2θ azimuthal variation almost everywhere in the 
Earth. Note however that the actual horizontal resolution achieved in surface wave tomography results from 
the compromise between what can be geometrically resolved and what can be resolved from the physics of 
surface waves...

a) b)

a)

Using Voronoi diagrams to assess the resolvability of a given seismic parameter
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