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Abstract 

We present a new algorithm to solve the problem of rock deformation. The method is based on a ‘classical’ 
Lagrangian finite element solver in which the connectivity between the nodes of the numerical mesh is updated at 
the end of each time (or deformation) step. The method, which we term Dynamic Lagrangian Remeshing (DLR), 
relies on the theory of Delaunay triangulation and produces optimal finite element meshes in the sense that nodes 
are always connected to their set of nearest neighbour nodes. 

Because it is based on a Lagrangian method in which the numerical grid is attached to material particles and 
advected with the deformation, the DLR algorithm is ideally suited to track material boundaries and properly 
represent free surfaces. In addition, in comparison to ‘classical’ Lagrangian solvers the DLR method is not limited to 
small strain problems and may be used to model discontinuities such as faults and narrow shear zones. 

We have used the DLR method to study the evolution of a crustal layer undergoing finite shortening driven by a 
velocity discontinuity along its base. The numerical model predicts the formation of a large fold that is progressively 
cut by a fault originating at the velocity discontinuity and propagating through the crustal layer. The model 
predictions provide support for the fault-propagation folding model of Suppe [I]. 

1. Introduction 

The study of rock deformation, whether it is at 
the centimetre or whole mantle scale, is a com- 
plex, non-linear problem that often requires the 
use of numerical methods [2,31. Most numerical 
methods are based on the discretization of the 
deforming region in cells (or elements) at the 

WC1 

corners of which are defined nodes that make up 
the numerical mesh. The numerical mesh may be 
used to calculate local derivatives needed to solve 
the equations of motion (as in the finite differ- 
ence method) or to approximate surface or vol- 
ume integrals that are needed to solve a varia- 
tional principle (as in the finite element method). 

Two approaches have been used that are in 
fact fundamentally equivalent: the Eulerian ap- 
proach where equations of motion are solved in a 
reference system fixed in space, and the La- 
grangian approach in which the system of refer- 
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ence is locally attached to the flowing material 
particles. In the Eulerian method, the nodes are 
geometrical particles that are fixed in space; in 
the Lagrangian method, the nodes are material 
particles. 

The Eulerian approach is often used to solve 
fluid-flow problems [4] in which deformations are 
very large and therefore better characterized by 
means of a velocity vector, an instantaneous mea- 
sure of movement. Unfortunately, as material 
particles are not tracked during flow, the Eule- 
rian method is not appropriate to deal with mov- 
ing material boundaries or free surfaces, the ge- 
ometry of which evolves with deformation. 

The Lagrangian approach, on the other hand, 
is ideally suited for tracking material boundaries 
[5,6]; it is not suitable, however, for solving very 
large deformation problems. The use of complex 
non-linear incremental strains has permitted the 
attainment of levels of total strain of the order of 
several tens of percent. However, localized strains 
of only 50% may lead to such deformation of the 
numerical mesh that approximations to spatial 
derivatives and integrals become unreliable. 

The most commonly used ‘cure’ for these 
problems is interpolation. Indeed, to track the 
geometry of a moving material boundary CC) in 
an Eulerian solver, one may interpolate the veloc- 
ity field known at the nodes of the numerical 
mesh onto C to update its position [7]. This 
method is rather inaccurate as interpolation er- 
rors tend to accumulate, especially in regions of 
large velocity gradient. One may also use the 
computed velocity to advect a scalar field origi- 
nally discontinuous along C and interpolate that 
field to rebuild C [8]. This method rapidly degen- 
erates due to numerical diffusion. Similarly, in a 
Lagrangian solver, one may handle very large 
strains by redefining a ‘new’ numerical mesh 
based on a new set of material points once the 
‘old’ mesh has been too distorted by the accumu- 
lated deformation [9,103. The new mesh has only 
to be conformable to the old one along material 
boundaries to ensure that these are properly 
tracked during later deformation. The drawback 
of this technique is that any scalar, vector or 
tensor that is needed for the solution of the 
equations of motion (such as temperature, pres- 

sure or state of stress) needs to be interpolated 
from the old mesh onto the new mesh. This 
method is therefore equally affected by the inac- 
curacy of interpolation; furthermore, there is no 
guarantee that even the most accurate interpola- 
tion scheme will respect vectorial or tensorial 
relationships such as those imposed on the com- 
ponents of the stress tensor by Newton’s second 
law of force balance, or the yield criterion in a 
brittle material. 

In this paper, we present a newly developed 
Lagrangian method which may be used to solve 
problems of very large deformations (i.e., up to 
several hundred percent). This method is there- 
fore well suited to tracking material boundaries, 
and does not require remeshing as the same 
material particles are used to define the mesh 
at all stages of deformation. We term this 
new method Dynamical Lagrangian Remeshing 

(DLR). 
Although the DLR method is applicable to 

any numerical solver which requires spatial dis- 
cretization, this paper focuses on the use of the 
DLR method to improve an existing algorithm 

that solves the equations of force balance in an 
elastoplastic material in two dimensions. We sub- 
sequently illustrate the use of the DLR method 
by solving a mechanical problem involving ex- 
treme strain levels: the evolution of fault-propa- 
gation folds. These structures have been de- 
scribed extensively [ll] and appear to be one of 
the favourite ways by which Earth’s crust accom- 
modates horizontal shortening. 

2. A basic finite element solver 

The numerical solver to which we will apply 
the DLR method is a classical Lagrangian finite 
element solver in which Earth’s crust is regarded 
as an elastic continuum characterized by Young’s 
modulus, E, and Poisson’s ratio, Y. Once the 
state of stress, CT, has reached a plastic limit given 
by Griffith’s failure criterion 

F(a) = I,, + 4T,J, = 0 (1) 

the rocks are assumed to flow according to an 
associative plastic flow law. T, is the tensile 
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strength, a material constant, J,, is the second 
invariant of the deviatoric part of the stress ten- 

sor and J, is the first invariant of the stress 
tensor. The associative flow law implies that fur- 
ther increments of deformation are normal to the 
yield envelope: 

(2) 

and that during plastic deformation, the stress 
state remains at yield (F(a) = 0). 

A region of the crust, I’ (Fig. la), is discretized 
into triangular three-noded elements, y (i = 
1 , . . . , number of elements). The finite element 
equations [12] are assembled at the element level: 

K6u=F 

K= ~K,=/B’CBdV 
I v, 

F = F, + c _/--N=g dV- c /-B=u dV 
i 1 i 1 

In (31, K is the stiffness matrix, 6u is the 
displacement increment vector, F is the load vec- 

tor, C is the constitutive matrix, B is the strain- 
displacement matrix, F, is the nodal force vector, 
N is the interpolation matrix and g is the body 
force vector. 

Note that to properly handle large incremental 
deformations, we use the Green-Naagdi stress 
rate and the mid-point strain as defined by [13] in 

place of the time derivative of the Cauchy stress 
and the infinitesimal strain. 

3. Large deformations and dynamical lagrangian 
remeshing 

Let us illustrate the fundamental principle be- 
hind dynamical remeshing by assuming that, fol- 
lowing one step involving large deformations, the 
finite element mesh is distorted from configura- 
tion A (Fig. la> to configuration B (Fig. lb). It is 
quite clear that the mesh is so distorted in config- 
uration B that the integrals and derivatives 
needed to form K and F in (3) cannot be properly 
approximated by the finite element discretization. 
Note, however, that the inappropriate mesh ge- 
ometry arises from our self-imposed constraint to 
connect the nodes in configuration B with the 
same three-noded elements as in the original 
configuration A. If we relax this constraint and 
form new triangular elements such as those shown 
in configuration C (Fig. lc) we may construct a 
new numerical mesh based on the original La- 
grangian material nodes that is more ‘fit’ to ap- 
proximate the necessary integrals and derivatives. 
The philosophy behind the Dynamical La- 
grangian Remeshing method is therefore to keep 
the same material particles to build the finite 
element mesh but to allow the connectivity be- 
tween the nodes to change at every time step to 

-Deformation+ -Remeshing- 
Fig. 1. Description of the basic principle behind the DLR method: Deformation of the initially ‘good-looking’ numerical mesh (a) 

to a geometry that leads to numerical inaccuracy (b) may be avoided by ‘reconnecting’ the nodes to their closest neighbours (c). 
Note that the nodes are always the same material points. 
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accommodate the ongoing deformations. The only 
restriction that we must impose on the ‘new’ 
numerical mesh is that it must have the same 
convex hull (or external boundary) as the ‘old’ 
one so that the new and old meshes are adequate 
discretizations of the same material region, I/. 

4. How to build the optimum mesh: The Delaunay 
triangulation 

In practice, however, it is not clear how we can 
generate the mesh shown in Fig. lc. There are a 
priori very many possibilities for triangulating a 
set of irregularly distributed points. We would 
like to find the optimum discretization, i.e. the 
one that is based on the ‘best looking’ triangles. 
The finite element equations are proper approxi- 
mations of the force balance equations if the 
triangular elements are close to being equilateral 
[14]. Therefore, we use the Delaunay triangula- 
tion to construct the finite element mesh. Indeed, 
the Delaunay triangulation is, of all possible tri- 
angulations, the one that maximizes the minimum 
internal angle of each of the triangles [15]. The 
Delaunay triangulation is defined as the triangu- 
lation that groups nodes by elements of three 
nodes (or triangles) such that there is no other 
node that lies within the circle defined by the 
three nodes of any element [16]. It has been 
shown that the Delaunay triangulation always 
exists and is unique if any four neighbouring 
nodes are not co-circular [15]. A simple way to 
think of the Delaunay triangulation is as a con- 

node 

nearest 
neighbour 

nodes 
Fig. 2. Geometry of a Voronoi cell (shaded area) surrounding 

node N and its relationship to the Delaunay triangulation 

(heavy lines connecting node N to its neighbours). 

nection between a node and its ‘nearest sur- 
rounding neighbours’. A unique set of ‘natural’ 
neighbours about a node can be defined using 
another geometrical construction known as the 
Voronoi cell, which is defined as the region about 
a node which is closer to that node than any 
other. For example, the shaded region in Fig. 2 is 
the Voronoi cell about the central node. Voronoi 

cells are unique, because every point in the plane 
will be closest to only one node. The natural 
neighbours of a node are those that have neigh- 
bouring cells. In Fig. 2, the six nodes surrounding 
the central node are its natural neighbours. We 
can see that the Delaunay triangulation is merely 
the connection of each node with its natural 

Fig. 3. The ‘in-circle’ test performed on a set of two adjacent triangles to check whether the triangles are locally Delaunay. (a) The 

triangles are Delaunay. (b) The triangles are not Delaunay but a simple edge-flipping Cc) ensures that the newly defined triangles 

become Delaunay. 
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neighbours defined in this way. A consequence of 

this relationship is that the edges of the Voronoi 
cells are all perpendicular bisectors of the sides 
of the Delaunay triangles. The Voronoi cells and 
the Delaunay triangulation are usually described 
as complementary, or ‘dual’ to each other. 

To build the Delaunay triangulation from a set 
of irregularly spaced nodes is not a simple prob- 
lem [171. Although efficient methods have been 
derived for calculating triangulations in a plane 

[e.g., 181, it would quickly become impractical to 
repeatedly use this type of approach at each time 
(or load) step in a problem of 10,000 nodes. 

Since, in each step, the nodes move position by a 
known amount au, it is better to use a method 
which updates the triangulation from the previ- 
ous step and so the incremental ‘edge flipping’ 
algorithm [15] is preferred. This method is based 
on the property of Delaunay triangles which en- 
sures that if a triangulation is locally Delaunay 
then it is globally Delaunay. In other words, if 
every triangle is Delaunay with respect to its 
neighbours, the triangulation is globally Delau- 
nay. In practice, one ‘scans’ the old triangulation 
to check whether the increment in displacement 
has rendered any of the triangle locally non-De- 
launay. This is a simple task of taking pairs of 
triangles that have one side in common and 
checking if they are Delaunay (Fig. 3a); if they 
are not (Fig. 3b), they are made Delaunay by a 
simple ‘Delaunay diagonal flip’ operation (Fig. 

3~). A few scans are needed to ensure that a flip 
operation has not caused neighbouring triangles 
to become non-Delaunay. 

5. Some practical considerations regarding the 
DLR method 

If there are scalar values attached to the nodes 
(such as temperature, density, tensile strength, 
etc.), we do not need to interpolate them during a 
flip as the nodes on which the new triangles are 
constructed are the same material points as the 
nodes on which the old triangles were con- 
structed. On the other hand, values that are 
attached to elements, such as the stress tensor, 
must be somehow passed over during a flip oper- 

ation from the pair of ‘old’ elements onto the 

pair of ‘new’ elements. In a first step, we simply 
give to the two new elements the stress values of 
the old ones, ‘at random’. In doing so, we make 
the imposition that nodal forces are only approxi- 
mately balanced by internal stresses (as required 
by Newton’s second law), but we avoid generating 
stress configurations that do not respect the rheo- 
logical laws (in our case the yield criterion (F(a) 
= 0)). In a second step, we perform a series of 
global iterations 

K6u=F 

K= 
/ 

BTCB dl’““” 
,,“=+ 

F=F,+ c/ NTgdVnew 
i I i/ ,,ew 

using the new connectivity I/““” to ensure that 
force balance is reached at the end of the current 
time step, before moving into the next time step. 
Note that these additional iterations are required 
to ‘improve’ the stress values, not the nodal dis- 
placements. Therefore, the global iterations are 
done on a ‘static’, non-deforming grid. 

To solve the finite element equations, we gen- 
erally need to name the nodes or give to each of 
them a ‘number’ in a sequence from 1 to N, 
where N is the total number of nodes in the 

mesh. One of the rules to be observed when 
constructing a finite element mesh is to minimize 
the maximum difference in node numbers be- 
tween any two nodes that belong to the same 
element [12]. This is to ensure that the global 
stiffness matrix K is a banded matrix of small 
bandwidth. Because it constantly reorganises the 
way by which the nodes are grouped in elements, 
the DLR method tends to generate stiffness ma- 
trices of very large bandwidth. To avoid this prob- 
lem we could have devised a strategy to renumber 
the nodes at every time step to minimize the 
bandwidth of K. However, this is not an easy 
task, and we avoided it by using an iterative 
algorithm to solve the large system of algebraic 



216 J. Braun, M. Samhridge /Earth and Planetary Science Letters 124 (1994) 211-220 

equations (3) (the Element-By-Element algorithm 
of Hughes et al. [193, in which the global stiffness 
matrix, K, is never formed; instead, all matrix- 
vector operations are carried out at the elemental 
level using the K, submatrices of (3)). The effi- 
ciency of this algorithm is not affected by the 
numbering (or ordering) of the nodes. 

The computational cost of adding the DLR 
method to a ‘classical’ finite element Lagrangian 

solver is quite small. Because they are based on 
an incremental algorithm, the extra calculations 
required to update the Delaunay triangulation 
are practically negligible ( < 1%) in comparison to 
the computing cost of solving the large system of 
algebraic equations resulting from the lineariza- 
tion of the finite element equations. In addition, 
the cost of the additional global iterations re- 
quired to reinstate force balance after a series of 
Delaunay flips is also small, because those itera- 
tions are done on a static grid and this ensures 

fast convergence. 

6. Application of the DLR method to the dynam- 
ics of fault-propagation folding 

That thrust faults are commonly associated 
with asymmetric anticlines [l] suggests that faults 

do not propagate rapidly as clean fractures but 
rather are somehow related to folding induced by 
shortening (Fig. 4). Suppe and Medwedeff [ll] 

proposed an elegant kinematic model which they 
termed fault-propagation folding to explain these 
observations. In this model, shortening of a layer 
of the crust is taken up by the upward propaga- 
tion of an initially small crack originating along 

Finite Element 
Discretization 

4 
ip 

b) 

erosion 

Fig. 4. The fault-propagation folding model of Suppe [l]. 

the base of the crustal layer and accompanied by 
folding of the overlying strata (Fig. 4a). As short- 
ening progresses, slip accumulates on the crack 
and the fault tip propagates through the interior 
of the crustal slab (Fig. 4b). At the end of the 
deformation episode and after partial (or total) 

erosion of the surface, we are left with an anti- 
cline flanking the fault trace at the surface 

(Fig. 4~). 
We have used the DLR method in an attempt 

to reproduce the structures that are predicted by 

Singularity 

4 L . 

Fig. 5. Set-up for the finite element model. The ‘singularity’ is the point at the base of the model where the imposed basal velocity 

is discontinuous from a finite value, L’“, to zero. 
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the fault-propagation folding model. In our nu- 

merical experiment, a piece of crust of thickness 
h and length L is discretized in 2000 three-noded 
triangular elements (Fig. 5). The nodes along the 
left-hand part of the base of the model (z = 0; 
0 <x < L/2) are held fixed whereas those along 
the right-hand part of the base of the model 
(2 = 0; L/2 <X <L) are forced to move towards 
the left at velocity c’~. This creates a velocity 
discontinuity at x = L/2 which we handle in the 
following manner (Fig. 6): When the distance 
between the rightmost ‘fixed’ node A and the 
leftmost ‘moving’ node B has reached less than 
half its original value, AAB (Fig. 6a), node B is 
forced to move at a velocity u,, along a path 
oriented at 45” with respect to the horizontal 
(Fig. 6b). When node B has travelled a distance 

a) 

b) 

New 

ACD 

Fig. 6. Geometrical description of the way we handle the basal 

singularity (see text for detailed explanation). 

AAB/2 into the crustal block, it is freed and a 

new element is added to the finite element mesh 
formed by nodes A and B and the one originally 
to the right of B along the basal boundary, C 
(Fig. 6~). This process is repeated as often as 
necessary to accommodate the shortening. 

The solution to this problem was calculated for 

100 time steps until the total shortening equaled 
the thickness of the layer, h. To represent the 
deformation, we build the Voronoi cell corre- 
sponding to each of the nodes and fill it in black 
or in white depending on its position in the 
undeformed grid. Initially, the cells are grouped 
in horizontal layers of alternating colour. 

The results are shown in Fig. 7. At first (Fig. 
7a), the deformation pattern is symmetrical with 
respect to the vertical plane passing through the 
velocity singularity at x = L/2. Two step-up shear 
zones develop, forming a V-shaped structure that 
roots into the velocity singularity. The V-struc- 
ture bounds a triangular region of the model or 
‘plug’ that undergoes vertical translation without 
internal deformation. After a moderate amount 
of shortening (Fig. 7b), deformation accumulates 
along the step-up shear zone that is located within 

the ‘fixed’ region of the crust, which leads to the 
formation of a large fold. As deformation pro- 
gresses, a fault develops at the base of the model 
(Fig. 7~1, originating at the velocity singularity. 
The fault rapidly propagates through the crust 
and folding is progressively abandoned (Fig. 7d). 
At the end of the experiment, the fault has made 
its way to the surface (Fig. 7e). We may finally 
predict (Fig. 7f) the situation after total erosion 
of the upthrusted material: a large anticline, the 
width of which is determined by the thickness of 
the layer involved in the shortening, is bounded 
by a thrust fault dipping at 45” beneath the anti- 
cline. We performed a series of model runs in 
which the tensile strength, T,, was varied to 
demonstrate that the dip of the thrust fault is 
determined by the plastic properties of the mate- 
rial and is not directly influenced by the method 
we use to handle the basal velocity discontinuity 
as described in Fig. 2. 

The similarities between the predictions of the 
numerical model based on the DLR method 
(Fig. 7) and the features of the fault-propagation 
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folding model of Suppe [l] (Fig. 4) are striking: 
(1) The structures (a fold and a fault) are seen in 

both. 

Finite element grid (101X1 1 nodes) 
n h 

/I 

a> 
.I \. 

b) 

Fig. 7. Results of the finite element computations. Each panel represents a step in the computation. The last panel (f) assumes 
complete erosion of the material above the z = L horizon. The panels on the left are uninterpreted finite element grid geometries 

on which the positions of originally flat layers have been superimposed. The right-hand panels are interpreted vertical sections on 

which the positions of inferred folds, shear zones and faults have been indicated. 

(2) The timing-simultaneous development of 
the fold and fault: folding is dominant in the 
early stages of deformation but is progres- 

/ 
/ 

Singularity 

\ 
\ 

“Plug” 

Fault ’ 

Fault tree - Anticline - 
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(3) 

(4) 

sively abandoned as faulting propagates 
through the crust from the base upwards; the 
numerical model does not support the break- 
thrust model of Willis and Willis [20] or the 
drag folding model of Fox [211 in which fold- 
ing respectively precedes and postdates fault- 
ing. 
Upturning of beds in the footwall block adja- 
cent to the fault: Initial deformation of these 
beds pre-dates the formation of the fault and 
is therefore a product of folding, but later 
deformation is associated with movement 
along the fault and must therefore be a prod- 
uct of drag along the fault. 
The thrust fault propagates all the way to the 
surface: As the numerical model assumes 
constant mechanical properties throughout 
the crustal layer, there is no reason, accord- 
ing to Suppe and Medwedeff [ll], for the 
system to form a decollement or a synclinal, 
anticlinal or steep-limb breakthrough. 

The numerical model therefore confirms that 
the fault-propagation folding model of Suppe 111 
based on the careful observation of many thrust 
structures [ll] is a dynamically plausible model. 
In other words, the model is consistent with our 
assumptions regarding the mechanical properties 
of crustal rocks. 

7. Discussion 

The numerical experiment we performed is 
very successful as an illustration of the ability of 

the DLR method to handle large deformation. 
Indeed, the finite element model not only pre- 
dicts shortening of the crust by folding, a process 
that requires only moderate levels of strain, but 
also predicts the development of a fault that 
ultimately accommodated slip of the order of half 
the thickness of the crustal layer. This is made 
possible by the constant readjustment of the node 
connectivity following deformation, which allows 
neighbouring nodes to drift apart from each other 
even across the thickness of one single element. 
Note that the fault has spontaneously appeared 
in response to crustal shortening and has evolved 
in a purely dynamical manner. There is no a-priori 

constraint on the fault geometry built into the 

model; nor is there any assumption on the rheol- 
ogy of the fault, apart from that it is made of a 
brittle, frictional material, like the rest of the 
crust. This clearly demonstrates the well-founded 
nature of the assumption that an elastoplastic 
rheology is suitable for representing the brittle 
behaviour of rocks [e.g., 51. Once the nodes of the 
numerical mesh are ‘freed’ and allowed to move 
away from each other, as in the DLR method, 
faults naturally develop and propagate through 
the material. 

The DLR method is, we believe, of very gen- 
eral applicability. We have shown here how it 
may be used to solve the problem of large defor- 
mation in an elastoplastic material seen as an 

analogue of the brittle part of Earth’s crust. It 
could also be used to solve problems of flow in a 
viscoelastic or viscous material, such as convec- 
tion-driven flow in the mantle, and subsequently 
allow us to couple models of crustal deformation 
to models of the dynamics of the whole mantle. 
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