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Anisotropy
Introduction

Most of the theoretical development in the previous
lectures has assumed that seismic waves propagate
through an Earth that is made up of isotropic, linearly
elastic material.
The assumption of isotropy means that the elastic moduli
cijkl reduces to two independent constants λ and µ, which
means that the elastic properties at a given point in the
medium are the same in all directions.
Although there can be up to 21 independent elastic
constants, any material with more than two is considered
anisotropic.
In many cases, the assumption of isotropy is acceptable,
but as we gradually refine our understanding of Earth
structure and composition, the need to consider the effects
of anisotropy becomes more important.
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Since only 21 of the 81 elastic constants cijkl are
independent, it is possible to reduce the 3 × 3 × 3 × 3
tensor to a 6 × 6 symmetric matrix Cmn :
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Which can also be written:
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For an isotropic material, cijkl = λδij δkl + µ(δik δjl + δil δjk ), so:
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Transverse isotropy occurs for a stack of layered material,
and is otherwise known as radial anisotropy. Each layer is
isotropic, but these properties differ between layers.
An axis of symmetry can be defined, which is
perpendicular to the layers. Displacement of the medium in
any direction perpendicular to this axis is identical under
rotation.
For a wave propagating perpendicular to the axis of
symmetry, the component of the shear wave oscillating
within the plane of the layers can travel at a different speed
to the component oscillating across the layers.

Anisotropy

Axis of symmetry

Transverse isotropy

z
y
Sy

Sz

Direction of wave propagation

Px

x

Anisotropy
Transverse isotropy

A transversely isotropic material can be characterised by 5
independent elastic coefficients A,C,F, L and N. For an axis
of symmetry in the z-direction (subscripts 1, 2 and 3
correspond to x, y and z directions), the matrix coefficient
becomes:
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Compared to the isotropic case, the terms that differ
involve the z-direction, which has a different elastic
response to stress applied parallel to the xy plane.
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By analogy to the isotropic case, A corresponds to λ + 2µ
in the x-direction, N corresponds to µ in the y direction,
and L corresponds to µ in the z direction. Thus, the body
wavespeeds that characterise horizontal wave propagation
are:
s
s
s
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,
Sy =
,
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ρ
ρ
ρ
If P- and S-waves propagate parallel to the axis of
symmetry, then Sx = Sy , p
and C corresponds to λ + 2µ in
the z direction (i.e. Pz = C/ρ)
In many applications, the horizontally layered Earth
exhibits transverse isotropy about a vertical axis. Both SH
and Px waves tend to travel faster than SV and Pz waves
respectively, because they preferentially sample the fast
layers, rather than evenly sampling all layers.
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A medium that exhibits azimuthal anisotropy has elastic
properties varying with horizontal direction.
In general, P-wave velocity varies with azimuth θ as:
P(θ) = A1 + A2 cos 2θ + A3 sin 2θ + A4 cos 4θ + A5 sin 4θ
where the constants Ai are a function of the 21 elastic
constants.
A simple form of azimuthal anisotropy that is often
assumed in applications is so-called elliptical anisotropy
(which is equivalent to transverse isotropy with a horizontal
axis of symmetry). In terms of slowness U, this can be
written:
U 2 = Ux 2 cos2 θ + Uy 2 sin2 θ
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In the above equation, θ is the ray direction on the
horizontal plane relative to the principal axes in the x and y
directions. Ux and Uy are the corresponding orthogonal
components of slowness.
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In order to uniquely define the velocity at a point in an
elliptically anisotropic medium, one needs to know the
values of Ux and Uy (equivalent to the lengths of the major
and minor axes of the ellipse), and the angle φ these axes
make with a specified reference frame.
There are many known sources of anisotropy within the
Earth. These include anisotropy associated with
sedimentary layers, flow processes in the asthenosphere
related to plate tectonics, and fluid filled cracks in the
upper crust.
Beneath Australia, seismic tomography has shown that the
fast direction (Uy in the above diagram) of elliptical
azimuthal anisotropy is oriented approximately in the
direction of plate motion. This is probably caused by olivine
crystals in the asthenosphere being aligned in this
direction.
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A common technique for studying anisotropy within and
beneath continental lithosphere is called shear wave
splitting.
When SKS waves convert from P-waves in the outer core
to S-waves in the lower mantle, the transverse
displacement is entirely polarised in the SV direction
When these shear waves traverse the mantle and crust,
they can be split when travelling through anisotropic media.
Assuming elliptical azimuthal anisotropy (or transverse
isotropy with a horizontal axis of symmetry), the two
polarised waves travel at different speeds and hence arrive
at different times.
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From the above diagram, the fast (Sy ) and slow (Sx )
components of the S-wave can be written in terms of the
radial component (S) in an isotropic Earth as:
Sy (t) = S(t) cos φ,

Sx (t) = −S(t − δt) sin φ

where δt is the time shift between the two pulses.

R
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The radial (R) and transverse (T ) components of the
signal can now be written. For the radial component, the
contribution from the fast direction is Sy (t) cos φ, and the
contribution from the slow component is
−Sx (t − δt) cos(90◦ − φ). Putting these two terms together:
R(t) = S(t) cos2 φ + S(t − δT ) sin2 φ
For the transverse component, the contribution from the
fast direction is Sy (t) cos(90◦ − φ), and the contribution
from the slow component is Sx (t − δt) cos φ. Combining
both terms yields:
T (t) =

[S(t) − S(t − δt)] sin 2φ
2
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In the above example, the uncorrected SKS appears on
both the radial and transverse components. These
components are then rotated to yield the fast and slow
polarisations. The time shift δt is then applied so that Sy
and Sx are in phases, and the signal is rotated again so
that all of it appears on a single component.

S x and S y in phase
Sx

Sy
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The component perpendicular to this new direction should
now be flat-line. In the above example, this is exactly what
happens, which demonstrates the applicability of
transverse isotropy in this case. The particle motion plots
also reflect the success of the scheme.
The polarisation angle φ and time shift δt are found by
minimising the transverse signal (see above plot).
Typical values for the magnitude of shear wave splitting, δt,
are between 0-2 seconds.
Seismic anisotropy within continents is thought to reflect
crystal alignment created during a tectonic episode and
then “frozen in".
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Attenuation

Anelasticity refers to deviations from pure elasticity, a
condition which our derivation of the wave equation carried
out in an earlier lecture assumed.
Anelasticity is one reason why seismic waves attenuate, or
decrease in amplitude, as they propagate.
In addition to anelasticity, three other processes reduce
wave amplitude: geometric spreading, scattering and
reflection and transmission at a boundary.
If the Earth was purely elastic, then seismic waves from
large earthquakes would still be reverberating.

Attenuation and anelasticity
Geometric spreading

Geometric spreading is the most obvious cause for seismic
wave amplitudes to vary with distance.
For surface waves on a homogeneous flat Earth, the
wavefront will spread out in a growing ring with
circumference 2πr , where r is the distance from the
source. Conservation of energy means that the energy per
unit wave front decreases as 1/r , while amplitude
decreases as 1/r .
On a global scale, surface waves behave differently due to
the ellipsoid shape of the Earth. In this case, surface
waves spread out to an angular distance of 90◦ , before
refocusing to converge at an angular distance of 180◦ . The
elliptical nature of the Earth, in addition to its
heterogeneity, means that the antipode does not act like a
secondary source.
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For body waves in a homogeneous medium, energy is
conserved on an expanding spherical wavefront with
surface area 4πr 2 , where r is the radius of the wavefront.
The energy therefore decays as 1/r 2 , and the amplitude
decreases as 1/r .
For both surface and body waves, lateral and vertical
heterogeneity in the Earth causes propagating wavefronts
to focus and defocus. These effects can result in
amplitudes varying significantly along a wavefront.
Particularly in the presence of strong lateral variations in
wavespeed, multi-pathing can occur. Amplitudes can vary
very strongly when wavefronts self-intersect and form
caustics.
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Scattering

When the seismic wavelength becomes significant in
comparison to the scale length of the underlying seismic
heterogeneity of the medium, scattering can occur.
Strictly speaking, scattering is a finite frequency effect that
is not predicted by conventional asymptotic ray theory.
However, whether the effects of velocity heterogeneity are
regarded as scattering of energy or multi-pathing of energy
depends on the ratio of the heterogeneity size to the
wavelength and the distance the wave travels.
When heterogeneities are much smaller than the
wavelength, they simply change the overall properties of
the medium.
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As seen on the diagram on
the right, diffraction can be
viewed as behaviour
intermediate between
scattering and
multi-pathing.
Diffraction paths such as
head waves and core
diffractions are not truly
geometric, as energy is
required to follow paths
that do not obey Snell’s
law.

a = scale length of heterogeneity
λ = wavelength
L = distance travelled
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In some situations, it is possible to view scattering as
deterministic e.g. in reflection seismology, migration
attempts to reverse the effects of scattering and produce a
clearer image.
In other situations, the medium may contain many
scatterers, in which case their effects on the wavefield can
be considered statistically (e.g. core phases such as PKP).
In general, scattering energy results in the arrival of a
given phase having an associated coda i.e. a tail of
incoherent energy that gradually decays over time.
In a constant velocity medium, the locus of all possible
scatterers forms an ellipsoid with source and receiver as
foci.
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The figure below shows the development of a P-wave coda
due to scattering. The first-arrival follows the minimum
arrival path according to Fermat’s principle.
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Intrinsic attenuation refers to the gradual depletion of
kinetic energy carried by a seismic wave in the form of heat
loss (internal friction) associated with the permanent
deformation of the medium.
The small scale mechanisms that can be responsible for
this process include stress-induced migration of mineral
defects, frictional sliding on crystal grain boundaries,
vibration of dislocations, and fluid flow across grain
boundaries.
Intrinsic attenuation is valuable for studying temperature
variations within the Earth; it tends to vary exponentially
with temperature, compared to only linearly for seismic
velocities.

Attenuation and anelasticity
Intrinsic attenuation

In order to better understand the effects of intrinsic
attenuation, consider a simple spring, which obeys
Newton’s second law F = ma and has a restoring force
defined by F = −ku, where k is the spring constant and u
is displacement from an equilibrium position.
Equating these two terms yields:
m

d2 u(t)
+ ku(t) = 0
dt 2

This second order ODE has a general solution of the form:
u(t) = A cos ω0 t + B sin ω0 t
where A and B are
p constants, and the mass has natural
frequency ω0 = k /m
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Once set in motion, the spring will continue a cycle of
harmonic oscillation forever, because no energy is lost.
In a damped system, the damping force has a direction
opposite to the instantaneous motion, and we assume that
it is proportional to the velocity du/dt of the body.
The resultant force acting on the body is now:
m

du
d2 u(t)
+ γm
+ ku(t) = 0
dt
dt 2

By defining the quality factor of the damping as Q = ω0 /γ,
the above equation can be written:
d2 u(t) ω0 du
+ ω02 u(t) = 0
+
Q dt
dt 2
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It turns out that there are three possible classes of solution
to the above equation depending on whether the system is
overdamped, underdamped or critically damped.
The anelasticity of the Earth is such that it will never
produce critical or overdamping, so the relevant solution is
produced by the underdamped system:
u(t) = A0 exp(−ω0 t/2Q) cos(ωt).
The above displacement corresponds to a harmonic
oscillation provided by the cosine term, which gradually
decays according to the exponential term.
Q is inversely proportional to the damping factor γ, so the
smaller the damping, the greater the Q.
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In the case of the Earth, the attenuation of seismic waves
is often referred to in terms of the quality factor Q or its
inverse Q −1 . In many instances, Q −1 is a more convenient
term, as it is directly proportional to the damping.
The effects of intrinsic attenuation often differ between
compressional and shear waves, so it is common to define
a quality factor for both P- and S-waves. These are often
written Qα and Qβ .
Since the anelastic structure of the Earth is analogous to
the elastic velocity structure, it is often convenient to
express Q as the imaginary part of c, the velocity. This
formulation is useful in applications where both velocity
and attenuation are treated together (e.g. surface wave
inversion).
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Physical dispersion

Seismic wave attenuation caused by anelasticity can give
rise to physical dispersion, in which waves at different
frequencies travel at different velocities.
This differs from the geometrical dispersion encountered
earlier with surface waves, where waves of different
frequencies have different apparent velocities at the
surface due to sampling different depths and hence
materials of different velocity.
In general, physical dispersion will result in lower frequency
waves travelling more slowly. For example, the travel time
of an ScS phase with a period of T = 40 s may be up to 5
seconds slower than the same phase with period T = 1 s.
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This phenomenon causes a discrepancy between the
seismic velocity structure found by inverting observations
of long period normal modes and short-period body waves.
The velocities inferred from normal modes are consistently
slower than those from body waves.
Body wave attenuation is often characterised using the
parameter t ∗ , defined as dt ∗ /dt = 1/Q, so that:
Z
1
∗
dt
t =
Q
Although the value of t ∗ increases with distance, typical
values are around 1 s for a P-wave and 4 s for an S-wave.

