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Using Mohr circles to identify regional dimensionality and
strike angle from distorted magnetotelluric data
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where τ1 = (T11 + T22)/2, τ2 = (T12 + T21)/2, τ3 = (T11 − T22)/2, and
τ4 = (T12 − T21)/2, takes the form

ABSTRACT
Mohr circles have recently been used as an aid in the analysis
of the magnetotelluric (MT) impedance tensor. Although well
known as a representation of the stress tensor in elasticity theory,
the potential application of Mohr circles to MT data was virtually
unrecognised by the geoelectromagnetic induction community
until the pioneer paper of Lilley (1976). An important difference
between the stress tensor and the MT tensor is that the former
is real while the latter is complex, which means that the MT
tensor must be represented by two Mohr circles rather than
one. Although early discussions on the behaviour of MT data
concentrated mainly on the real part of the MT tensor, it became
necessary in more detailed treatments to consider both real and
imaginary Mohr circles together. In particular, identification
of seven independent invariants of the complex MT tensor as
geometric invariants on a Mohr circle diagram, and their physical
interpretation, required the two Mohr circles to be plotted together.
A significant advance has been made with the introduction of
the (real) phase tensor by Caldwell, Bibby, and Brown (2004).
Although the phase tensor has only three independent invariants,
it has been shown by Weaver, Agarwal, and Lilley (2003) that they
retain the important physical properties of the seven invariants of
the MT tensor introduced earlier but with the distinct advantage
that they can be displayed graphically in a single Mohr circle
diagram. In particular, identification of the dimensionality of the
regional conductivity structure becomes a straightforward matter
whether or not the data are distorted by near-surface conductivity
anomalies.

(2)
in the rotated coordinate system (x', y'). Here we have defined τ0
= (τ22 + τ32)1/2 and tan2θτ = τ2/τ3. It follows at once from equation
(2) that
(3)
which represents a circle, centre (τ1, τ4), radius τ0, in the plane of
T '11 and T '12. This is an example of the Mohr circle first used to
depict graphically the real, symmetric stress tensor in continuum
mechanics. (Symmetry implies τ4 = 0, but as we see from the
derivation above, this is by no means a necessary condition
for the Mohr circle representation to be valid.) Note that the
three well-known rotational invariants of a second-rank tensor
T, namely its trace, determinant, and the difference dif T of its
off-diagonal terms, are closely related to the radius of the circle
and the coordinates of its centre, i.e., tr T = 2τ1, dif T = 2τ4 and
(tr T)2 + (dif T)2 – 4det T = 4τ02.
An alternative expression to (1) for the tensor in its given frame
of reference is obtained by setting θ = 0 in (2):
(4)

INTRODUCTION
Under a right-handed rotation of the x and y axes in a
rectangular coordinate system (x, y, z), through an angle θ about
the positive z-axis, any 2 × 2 real matrix
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In this form, the tensor is clearly defined in terms of its three
independent rotational invariants, τ1, τ4, and τ0, and an angle θτ
that defines the orientation of the axes in which the given tensor
components are measured. It can be seen from (2) that θτ is the
angle through which the axes of measurement must be rotated
in order for the diagonal elements to attain their maximum or
minimum values.
In magnetotelluric (MT) studies, data are usually supplied as
the complex-valued components of the MT tensor M, defined by
e = Mb where e = (e1, e2)T and b = (b1, b2)T are (complex) column
vectors representing the spatial parts of the horizontal x and y
components of the electric and magnetic fields on the earth’s
surface z = 0 (z positive downwards into the earth). Their timedependence is expressed by a factor exp(iωt), which cancels out
in the defining equation above. Unlike the stress tensor, the MT
tensor is neither real nor symmetric. Lilley (1976) recognised,
however, that the locus of its real part as the horizontal axes
rotated could be displayed graphically as a Mohr circle in the
(ReM'11)(ReM'12)-plane, which was an interesting alternative to
other graphical depictions in use at the time.
Almost two decades elapsed before Lilley (1993a, b, c) actually
used Mohr circles as a visual aid in the analysis of real data. He
treated the real and imaginary parts of the MT tensor separately,
each with its own Mohr circle representation. Earlier, Eggers
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(1982) had taken the complex nature of the MT tensor into account
by displaying the loci of its components M'ij (i = 1,2; j = 1,2)
under a rotation of the axes, as ellipses traced out in the complex
(Re M'ij)(Im M'ij)-plane. Although all essential information about
the MT tensor was contained in the geometric properties of such
ellipses, Mohr circles offered advantages in their visual appeal.
They permitted a simple and immediate identification of the tensor
invariants from which the dimensionality and (for 2D structures)
the anisotropy of the underlying geoelectric structure could be
inferred. Moreover, the variation in dimensionality and anisotropy
with depth became immediately apparent when a series of suitably
colour-coded, computer-generated Mohr circles covering a whole
range of frequencies were displayed on the same diagram.
In two subsequent papers, Lilley (1998a, b) explored various
ways of decomposing the MT tensor, and introduced two types
of Mohr circles plotted with respect to different axes to illustrate
his discussion. The circles were particularly useful for displaying
relevant invariants and as visual aids in the theoretical development.
They were also plotted over a frequency range of several decades
to demonstrate the nature of the BC87 data (Jones et al., 1988),
which were analysed in the second paper using the methods
proposed in the first.

Mohr circles

comprising the real and imaginary parts of the trace of M, the real
and imaginary parts of the difference of its off-diagonal elements,
and the three invariants associated with the complex determinant of
M. The second was a ‘mathematical’ set comprising the final five
in the preceding MT set, plus two more associated with the sums
of squares of all the elements of M. The authors identified their
invariants as geometric properties of both the Mohr circles and
the Eggers ellipses in the complex plane, but concluded that ‘For
most real-valued invariants…the complex-plane representation is
not very attractive’.
Motivated by Szarka and Menvielle’s study, Weaver et al.
(2000) devised yet another set of invariants that had a direct
physical interpretation. They also plotted both the real and
imaginary Mohr circles on the same diagram, which allowed them
not only to associate six invariants with obviously independent
geometric invariants of the separate Mohr circles, but also to
identify the seventh invariant that provides the connecting link
between the two circles.
Writing M = P + iQ, we obtain by analogy with (3),
(5)
(6)

INVARIANTS OF THE MT TENSOR
Rotational invariants not only define a given tensor in terms
of its intrinsic structure, which is independent of the coordinate
system chosen, but also are attractive in the MT context because
they are not subject to errors associated with a misalignment of
the equipment with the usual north and east axes of measurement.
Each invariant may also have a distinct physical interpretation that
can shed light on the properties of the underlying conductive earth.
The tensor invariants, in fact, may be the preferred parameters to
use in inversion schemes.
In their analysis of the rotational invariants of the MT tensor,
Szarka and Menvielle (1997) proved that there were seven
independent invariants. They highlighted two different sets as
being particularly useful. The first was a ‘classical MT’ set

Fig. 1. Real and imaginary Mohr circles for the MT tensor. P rotates
anti-clockwise around the Mohr circle through an angle 2θ from the
initial point P0 as the axes of measurement are rotated through an
angle θ about the positive z-axis. The diagonal element P′11 attains its
maximum value when θ = θξ . The point P1, corresponding to θ = θξ +
π/4, lies on the horizontal axis P′11 = 0 when ξ1 = 0, and gives the strike
angle when the structure is 2D. Similar arguments apply to the point
Q and the angle θη on the imaginary circle.
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where, following the notation in (1), we have defined

(7)

Equations (5) and (6) are the Mohr circles shown in Figure 1.
The points P0 and Q0 represent the actual measured values of the
MT tensor components when the x- and y-axes are directed north
and east respectively. As the axes are rotated through an angle θ
in a right-handed sense about the positive z-axis, the points P and
Q rotate anticlockwise around the Mohr circles through an angle
2θ. Clearly, the centres and radii of the circles remain invariant as
θ varies, thus immediately yielding ξ1, ξ4, η1, η4, ξ0, and η0 as six

Fig. 2. Mohr circle representation of the phase tensor. Note the
different orientation of the axes with T ′11 the horizontal axis and T ′12
vertical. Here the point P rotates clockwise around the Mohr circle
through an angle 2θ as the axes of measurement rotate through an
angle θ about the positive z-axis. θτ is the Bahr angle, which gives the
strike direction when the regional structure is 2D.
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independent invariants. (Here ξ02 = ξ22 + ξ32 and η02 = η22 + η32 by
analogy with the previous definition of τ0.) The seventh invariant
is given by the angle ψ at which the radii to the measured points P0
and Q0 intersect. Simple geometry shows that the angle between
these radii remains fixed as P and Q rotate around their respective
circles. Note that if C and D lie on the horizontal axis, i.e., ξ1 = η1
= 0, then by (2) there will exist an angle θs = θξ + /4 = θη + /4
such that the diagonal elements of the tensor M vanish. Since θξ
and θη are defined analogously to θτ in (2), it follows that tan2θs =
– cot2θξ = – ξ3/ξ2 and tan2θs = – cot2θη = – η3/η2, whence ξ2η3 =
ξ3η2. This result implies ψ = 0 (Weaver et al., 2000), i.e., that CP0
and DQ0 in Figure 1 are parallel, an expected result since θξ = θη
in this case. These are the necessary conditions for the underlying
structure to be 2D with θs the angle of strike. If the circles shrink
to points on the axis (ξ1 = ξ2 = ξ3 = η1 = η2 = η3 = 0) then necessary
conditions for a 1D earth are satisfied.
The actual invariants chosen by Weaver et al. (2000) as an aid to
the physical interpretation of the data were closely related to, but
not identical with the seven listed above. In Figure 1 six of them
are represented by the lengths OC and OD, the sines of the angles
∠COS and ∠DOT (where OS and OT are tangents from the
origin to the real and imaginary circles respectively), sin(β + α) and
sin(β – α), where β = ∠DOB (not shown). The seventh invariant
was related to ψ in a somewhat obscure way, but was chosen
such that small absolute values (ⱕ 0.1) were indicative of weak
three-dimensionality in the underlying structure. The numerical
values of the other invariants then discriminated between 2D and
1D structures, 2D regional structures with superimposed in-phase
galvanic distortion, and other less likely occurrences.

then the tensors
both have equal off-diagonal elements
in all rotated frames. Thus (9) becomes
in the frame of measurement, where I is the identity matrix and
is the impedance phase of the 1D regional
structure.
Without further information, such as measurements of the
vertical magnetic field or prior geological knowledge, it is not
known whether the x'-axis or the y'-axis defines the direction
of the geoelectric strike in the rotated coordinate system. Both
orientations satisfy the conditions of regional two-dimensionality
since both θs = θτ and θs = θτ ± /2 (along with τ4 = 0) make T'
diagonal in (2). Thus with no more inherent ambiguity than is
already present, the strike angle can be defined as θs = [arctan(τ2/
τ3)]/2, where the principal value of the inverse tangent limits θs to
the range −/4 ⭐ θs ⭐ /4. Alternatively, a strike angle defined
by [arctan(τ2/τ3)]/2 for τ2/τ3 ⱖ 0, and [arctan(τ2/τ3)]/2 + /2 for
τ2/τ3 < 0, will always lie in the first quadrant. In both cases, it is
understood that θs gives either the direction of the strike itself,
or the direction perpendicular to the strike. On the other hand,
there is no ambiguity in the definition of θτ. The signs of τ2 and
τ3 determine in which of the four quadrants 2θτ lies, and θτ itself is
defined in the range −/2 ⭐ θτ ⭐ /2.
Caldwell et al. (2004) display the phase tensor as an ellipse
in the xy-plane using the formulation of Bibby (1986) for the DC
apparent resistivity tensor. This is an attractive way of mapping
the tensor over the region of interest. Once again, however, the
Mohr circle offers an alternative method of representation, which
Weaver et al. (2003) found useful in a discussion of the tensor
invariants.

THE PHASE TENSOR
In a recent presentation and paper, Caldwell et al. (2002, 2004)
introduced a ‘phase tensor’, which is defined in the notation
of this paper by the 2 × 2 real matrix T ≡ P–1Q. An important
property of this tensor is that it is unaffected by in-phase, galvanic
distortion caused by the accumulation of charge on the boundary
of a localized, near-surface, conductivity anomaly. To prove
denote the regional field; the measured field
this, let
where A is a real matrix representing
is then
is
the distortion. It follows that the regional MT tensor
related to the measured MT tensor M through the equation
whence
and
(8)
Another important property of the phase tensor is its symmetry
when the regional conductivity is 2D. For, in the strike frame
of a 2D region, rotated through an angle θs from the frame of
vanish, so that
measurement, the diagonal elements of

(9)
Hence by (2), it follows that τ4 = 0, i.e., T12 = T21, and that the
strike angle is given by θ ≡ θs = θτ , i.e.,

In Figure 2, we have plotted the Mohr circle defined by
equation (3) with J1 = τ1, J2 = τ0 and J3 = τ4. Here the point P moves
around the circle clockwise through an angle 2θ, starting at P0, as
the (x, y)-axes are rotated in a right-handed sense through an angle
θ about the z-axis. Weaver et al. (2003) showed how the three
invariants J1, J2, and J3 were connected to the MT invariants they
had previously introduced, and how similar physical interpretations
of the data could be made with them. Thus a 2D regional structure,
which implies symmetry of T, requires τ4 = 0 by virtue of (4), and
therefore a vanishing (or in practice small) J3, with the result that
the centre of the circle is located on (or near) the T' 11-axis. A 1D
structure implies that T is proportional to I which, by (4), requires
τ0 = τ4 = 0, or J2 = J3 = 0. In this case the Mohr circle reduces to
a point on the T' 11-axis. Equation (2) shows that, in general, θτ is
interpreted as that angle at which T' 11 attains its extremum value τ1
+ τ4 = J1 + J3 on the Mohr circle, as depicted by the position of point
P in Figure 2. If the regional structure is 2D, then P and P1, the
point where the circle intersects the T' 11-axis, are coincident and
θτ = θs. Otherwise, the magnitude of the angle γ = arcsin(J3/J2) is a
measure of the offset of the centre of the circle from the axis, and
therefore of the departure from regional two-dimensionality. It can
also be regarded as an estimate of the uncertainty in 2θs. In fact, as
emphasised by Weaver et al. (2003), the ratio |J3/J2| is precisely the
magnitude of the seventh invariant (related to ψ) of Weaver et al.
(2000), even though it was based on quite different reasoning.
A simple decomposition of T expressed in the form (4) is

(10)

The last term is expressed in terms of the components of the
MT tensor itself rather than the phase tensor. It is the well-known
formula for the Bahr angle (Bahr, 1988; Weaver et al., 2000)
giving the strike angle of a regional 2D structure when localised
3D galvanic distortion is present. If the regional structure is 1D,

(11)
where J = K1cos2θτ + K2 sin2θτ, and
(12)
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With a strictly 1D regional structure, J2 = J3 = 0 and only the
first term of (11) contributes to the phase tensor. In a 2D case, J3 =
0 and the first two terms contribute. A fully 3D regional structure
implies that all three terms in (11) are significant. Thus the first,
second, and third terms in (11) can be regarded as the 1D, 2D, and
3D contributions to the phase tensor respectively. In practice, if
(J22 + J32)1/2 << |J1| (or |sinα| << 1 and |sinβ| << 1 in Figure 2) we
may assert that the data are consistent with a 1D regional structure;
otherwise, if |J3| << |J2| (or |sinγ| << 1) they are consistent with a
2D regional structure. In both cases, it is immaterial whether the
data have been subjected to local 3D galvanic distortion.
CONCLUSIONS
The original idea of adapting the Mohr circle representation of
the real, symmetric stress tensor in elasticity theory to the complex,
generally asymmetric MT tensor in geo-electromagnetism has
been shown to be useful as a graphical aid in interpreting MT data.
In particular, the rotational invariants of the MT tensor, which
have their own physical interpretations, are readily identifiable on
a Mohr circle diagram, while the radii and off-axis displacements
of the circles indicate the dimensionality of the underlying
geoelectric structure. In this regard, plots of Mohr circles over a
range of periods give a strong visual impression of the type of data
under analysis.
A major drawback in representing a complex tensor is that two
Mohr circles are required, one to represent the real part of the tensor
and the other the imaginary part. In this paper, we have exploited
the newly defined ‘phase tensor’ of Caldwell et al. (2004), which
encapsulates many of the important properties of MT data. Since
the phase tensor is real, it can be ideally represented by a single
Mohr circle with only three rather than seven rotational invariants.
The three salient physical invariants, which are associated with
1D, 2D, and 3D regional structures, are immediately identifiable as
the three obvious geometric invariants of the circle, the coordinates
of its centre and its radius. Moreover, the angle of strike in 2D (or
near 2D) cases is also visible on the diagram, as is the ‘uncertainty
angle’, representing the strength of 3D effects and therefore the
relevance of the concept of strike angle. It is hoped that the single
Mohr circle representing the phase tensor will become an even
more useful aid in the visualisation and treatment of MT data
than the real and imaginary circles representing the complex MT
tensor itself.
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