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SHORT NOTE 

DIAGRAMS FOR MAGNETOTELLURIC DATA 

Observed magnetotelluric data are often trans- 

formed to the frequency domain and expressed as 

the relationship 

where E,, E, and If,, H, represent electric and 

magnetic components measured along two ortho- 

gonal axes (in this paper, for simplicity, to be 

north and east, respectively). The elements ;,, 

comprise the magnetotelluric impedance tensor, 

and they are generally complex due to phase dif- 

ferences between the electric and magnetic fields. 

All quantities in equation (I ) are frequency de- 

pendent. For the special case of “two-dimen- 

sional” geology (where structure can he described 

as having a certain strike direction along which it 

does not vary), z,, = mmzz2 with z12 i ~mz2,. For 

the special case of “one-dimerlsionnl” geology 

(where structure varies with depth only, as if hori- 

Tontally layered), z,~ = zzp = 0 and - ‘12 = -=x1. 
Magnetotelluric tensor characteristics thus re- 

flect geologic structure, and for this to become 

fully apparent a tensor is often “rotated”; that is, 

the values of its elements are computed for differ- 

ent hypothetical orientations of the measuring 

axes (see, e.g., VozofT, 1972). On a map of several 

observing sites, the directions of maximum appar- 

ent resistivity may then be showsn (Dowling, 1970: 

Reddy and Rankin, 1971). corresponding to the 

direction in which the E,-field measurements 

would be made to obtain a maximum in the abso- 

lute value of the element z,~. Sometimes po!ar 

diagranls are given of the magnitude of one par- 

ticular tensor element plotted at the angle of rota- 

tion of the axes (Berdichevskiy. 1968; Tamme- 

magi and L.illey, 1973). Such polar diagrams for 

tensor element magnitude are visually not of 

simple geometric form. as neither would be sim- 

ilar polar diagrams for apparent resistivity. 

This note describes some simple figures, mainly 

conic sections. which display certain character- 

istics of a magnetotelluric impedance tensor. 

These figures. which may he plotted on a map. 

may be useful in showing structural trends and 

classifying geologic structure as one-, two-, 01 

three-dimensional. For simplicity. the diagrams to 

be described are based on the real parts of tensor 

elements and relate the in-phase part of an electric 

field to its associated magnetic field. In all cases 

diagrams based on the imaginary parts of tensor 

elements could be drawn similarly for the quad- 

rature part of an electric field. Also. in cases 1 and 

2. diagrams based WI the complex values of tensor 

elements could be drawn for the ahsolute magni- 

tude of an electric field. 

The examples which follow are for an actual 

lield result, 

the real part of the tensor at frequency 0.5 c/hr for 

station BIL in central South Australia, described 

by Tammemagi and Lilley (1973). 

In this paper, bearings are angles measured 

clockwise from north. Angle 0 is the bearing of a 

linearly polarized H-field of unit amplitude. Asso- 
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ciated with such an H-field is an E-field, the in- 
phase part of which also is linearly polarized, at 
bearing 6, There may also be a quadrature E-field 
oscillating with some other linear polarization, so 
that the total E-held E, is not linearly polarized: 
such a quadrature E-field depends upon only the 
imaginary parts of the tensor elements. Notations 
E and H denote amplitudes of in-phase E- and H- 
fields, respectively. Notation z,, refers to the real 
part of tensor element z,, (except in the third 
paragraph describing diagram I). 

DIAGRAM 1 

It follows from equation (1) that a polar plot of 
r against 0, where r = H/E, has the form 

r2[(zl12 + z2,‘) co? 0 + (zrZ2 + zZ2’) sin* 0 

+ (z11212 + zZ1z& sin 201 = 1, 

which is always an ellipse, and is given for the BIL 
data in Figure la. The lengths of the axes, to- 
gether with their bearings, can be determined ana- 
lytically, so that the tigure can be drawn without 
tensor rotation. 

The length of a radius of the ellipse givjes an 
inverse measure of the E signal caused by an H 
oscillation of unit amplitude at the bearing of the 
radius, and the major and minor axes of the el- 
lipse show the directions of H-held oscillation 
which give minimum and maximum E-field re- 
sponse, respectively. For two-dimensional geol- 
ogy the ellipse axes will be parallel and perpendic- 
ular to geologic strike (see Appendix). For one- 
dimensional geology the ellipse *ill widen into a 
circle of radius r = I;,21 ~I. 

If not just the in-phase part of the E-field is 
considered, but rather the complete E-field (E,.) 
comprising both in-phase and quadrature parts, 
then the ellipse generated by plotting Y = H/I EC1 
at angle 0 is of the form 

r’[(Jzll I2 + 1221 I’) cos2 0 + (/zJ 

+ ;Q) sin’ 6 + (zr1.zJ2, + z11,z12, 

+ iZ1.zZ2, + zZ1,zZ2,) sin 201 = 1, 
where the real and imaginary parts of zll are de- 
noted by z,,, and zlli respectively, and similarly 
for z12, zZ1 and zZ2. 

DIAGRAM 2 

Similarly, if a plot of r against I$ is made, taking 
now r = E/H, a figure will be generated of form 

+ (Zl12 + i,*‘) sin’ 4 

- (Z,ZZ,, + z,,z~,) sin 291 = 1. 

This figure is again generally an ellipse, and is 
shown for the BIL data in Figure I b. 

The length of a radius of the ellipse now gives a 
measure of the E signal occurring at the bearing of 
the radius 4, when a unit H oscillation occurs at 
some other bearing 0. The major and minor axes 
of the ellipse show the directions of the maximum 
and minimum E oscillations caused by an H OS- 

cillation of unit amplitude taking all possible 
bearings, As for diagram i, for iwo-dimen3iomdi 
geology the axes will be parallel and per- 
pendicular to the geologic strike. For one-dimen- 
sional geology the ellipse will widen into a circle 
of radius r = 1~~~1. 

DIAGRAM 3 

Denoting the component of E perpendicular to 
H by E,,, a polar plot of r against 0 for P = 
H/EL, will give a figure of form 

P[Zp, co? 0 - a12 sin’ B + 

(- -22 - ill) COS B sin 01 = I. 

where the bearing of EIH is (0 + a/2). This figure 
is an ellipse for 

(& - z,,)’ + 4 2,222, ‘< 0, 

and real or imaginary depending on whether the 
quantity 

K&Z - z,1)2 + 4 Z,,Z,,l/(G!, - 212) 

is less or greater than zero. For the BIL data, the 
ellipse is real, and is shown in Figure Ic. The 
minor and major ellipse axes show which direc- 
tions of H give the maximum and minimum re- 
sponses in ELH, respectively. Generally, the length 
of the ellipse radius at the H-licld bearing of 0 
gives a measure (in fact the inverse square root) of 
the associated EIH field. For two-dimensional ge- 
ology, the ellipse axes will be aligned parallel and 
perpendicular to the geologic strike. For one-di- 
mensional geology, the figure nilI widen into a 
circle of radius r = I zzll -‘/2. 

In the case of two-dimensional geology, the 
ellipse has a further fascinating property. Remem- 
bering that zZ2 = -z,,. the bearing of the tangent 
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FIG. I, (a) Diagram I. (b) Diagram 2. (c) Diagram 3. (d) Diagram 4, for the BIL data. N denotes north. 
(e) A “Mohr circle” for a magnetotelluric impedance tensor measured near two-dimensional geologic 
structure. (f) A similar Mohr diagram for the BIL data: tan $ is the “skew”. 
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to the ellipse at the point T, 0 is given by (Y, equation (I) under rotation becomes (Sims and 

arctan [(z*, + z2* tan I?)/@,, + z,, tan @)I. 
Bostick, l969), 

This angle is also the bearing of the E-field 6. Z, sin 2-y Z< cos 2-y + zfi.1 
Hence, at any point on the ellipse, the tangent 

El@ = 
gives the direction of E-oscillation associated with H I KS _z, cos 2y - z, -Z,sin2y J 

an H-oscillation in the radial direction. 

DIAGRAM 4 

Denoting the component of E parallel to H by where 
E,,H, a polar plot of r against 0 for r2 = HIE,,, will 
give a figure of form y=/3-ff 

P[z,, co? 0 + zz2 sin* /I + and 

(z12 + zz,) cos 0 sin H] = I. z, = (zlT + z21W, Z n = (zi?* - z2,(“)/2. 

This figure is either an ellipse or a pair of con- 
Thus a plot of z,,O against z,j’ us p varies, where 

jugate hyperbolas, depending upon whether the 
P 

quantity z11 = zi, cos2 p + (z,2 + &) 

cos ,B sin @ + zz2 sin’ p, 
and 

is greater or less than zero. On physical grounds B 
only the latter case appears possible, as the former 212 = 212 cos? p + (222 - z, 1) 

case requires a nonzero E,,H to occur for all pos- . cos /3 sin p - Zzl sin’ /3, 
sible directions of H-oscillation. The appropriate 
figures for the BIL data (indeed hyperbolas) are should produce a circle as shown in Figure le. 
shown in Figure Id. The asymptotes show the This figure is analogous to the Mohr circle for 
directions of H-oscillation which give only E fields mechanical stress (see, e.g., Nye, 1957, p. 43). 
perpendicular to H, and generally the length of a For the more general case of three-dimensional 
radius at the H-field bearing of 0 gives a measure geology, equation (1) may be M ritten 

FE,“1 
iEA 

= 

i 

Z, - Z,,CP + a/4) Z, + .M’3 

-z, + z,,cn) Z, + UP + a/4) 

(in fact the inverse square root) of the magnitude where 
of the associated E,lH field. 

For two-dimensional geology, the asymptotes 6 = $(z,, + z22), z2 = %(ZlI - z,,), 

become rectangular and perpendicular and paral- 
lel to the geologic strike. For one-dimensional 

& = i(z,, + z,,), z, = ;(zj? - z,,), 

geology the figure does not exist, as E ,H does not and 

occur for any H. Z,(8) = Z,cosZp -Z,sin2p. 

DIAGRAM 5 Thus a plot of zlla against z,? as /3 varies will still 
Diagram 5 is not suitable for plotting on a map, produce a circle, with radius (Z,’ + Z32)1J2. cen- 

but may be useful to display two-dimensionality tered at zl,@ = Z, and zIzO = Z,. 
in magnetotelluric data. The “rotation” of certain Such a plot for the BIL data is shown in Figure 
tensor elements will be involved, and the various If. The displacement of the center of the circle 
quantities in equation (I) will be marked by a from the zlzB axis gives a measure of the departure 
superscript /I’ when referred to axes which have of the geology from two-dimensionality; in fact 
been rotated angle p clockwise from the initial the tan of the angle $ is the “skew” of the real part 
orientation of north and east. of the Bii tensor. From the diagram various vai- 

For two-dimensional geology of strike bearing ues of /3 of interest can be measured, such as the 
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one which maximizes zl$j, and the two for which 
zllB is zero. 

For one-dimensionality the circle reduces to a 
point at Z, on the z,,@ axis, as Z,, Zz, and Z, are 
all zero. 

COMMENTS 

Symmetric second-rank tensors occur widely in 
physics, and diagrams of types 3 and 5 have been 
used for symmetric cases in various different con- 
texts, as summarized in Nye’s book. For two- 
dimensional geology, diagram 3 in the magneto- 
telluric case is similar to Nye’s (I 957, p. 26) “rep- 
resentation quadric”, with the difference that the 
physical property (E) being related to the radial 
direction is now in the tangential direction of the 
ellipse rather than in the normal direction. The 
Mohr circle, diagram 5, commonly has been used 
for symmetric cases; however, its existence in 
nonsymmetric cases (Figure If) may not be 
widely known. 

Diagrams of types I and 2 are not mentioned 
in Nye’s book, but have been introduced by the 
present author (Lilley, 1974) to depict the “geo- 
magnetic induction tensor”, which arises in the 
analysis of vertical and horizontal magnetic fluc- 
tuations. 
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APPENDIX 

The foregoing note summarizes the results of 
much algebra, most of which has not been given. 
As an example of the style of what has been 
omitted, a proof follows for one of the statements 
of the paper, regarding diagram I: “for two-di- 
mensional geology the ellipse axes will be parallel 
and perpendicular to geologic strike”, 

For two-dimensional geology, the magneto- 
telluric impedance tensor has the form given in 
the first equation under the heading of diagram 5, 
notably (taking p = 0) 

z= /_ 
-2, sin 2cu z, cos 2ff + z, 

1, 
!z* cos 2oc - z, Z,, sin 2a _I 

Substituting these values for zll, zi2, zzl, and zs2 
into the first equation under the heading of dia- 
gram I, one obtains 

? = l/[Z,’ + z,2 - 2ZAZtl cos 2 (a - 0 )]. 

Now, using the expressions for Z,4 and ZB given in 
the note, it can be shown that ZAz + ZB2 > 
1 2ZAZHI ; thus, r has minimum and maximum val- 
ues (defining the axes of the ellipse) when 

cos2(CY-8) = + I, 

that is, when 0 (the bearing of r) is parallel or 
perpendicular to cy (the geologic strike direction). 


