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1. Introduction

The theory of electromagnetic induction in an horizontally-layered half-space gives
the equation

c=Z[(0X[0x+3Y[ey) v

relating surface magnetic fluctuations to the distribution of earth electrical conductivity
with deptly (BERDICHEVSKY ¢f ., 1969; SCMUCKER, 1970; Kuckes, 1973). The notation
in Eq. (1) is that x and ¥ are geographic co-ordinates to the north and east respectively,
while X, ¥, and Z are the scalar components of the magnetic fluctuation field in the north,
easl, and downwards directions. The parameter ¢ is a function of the earth electrical
conductivity distribution and, to an extent usually less important, of the source-field
wave-number. All of X, ¥, Z, and ¢ are frequency dependent and generally complex,
having in-phase and quadrature parts.

Application of Eq. (1) has been made to a variety of data sets, (see recent
publications by FFAINBERG and BeErDICHEVSKY, 1977, ConNERNEY and Kuckes, 1980;
and Jongs, 198(). For Australian data the equation has been applied particularly to
daily variations recorded by magnetometer arrays (LILLEY, 1975; LiLLEY and SLOANE,
£976;, Woobps and LiLLEy, 1979; Woobs, 1979; LILLEY er of., 1981a). With daily variations
the known westward movement of the source-field witl: the phase of the sun leads to a
simplifying characteristic in Eq. (1), as the y-dependence of the term ¢ ¥/dy should then be
due mainly 1o the rotation of the carth only. Indeed if this condition is insisted upon, the
best fit of observed data to an “ideal-phase™ criterion can be sought.

Such a characteristic of ideal quiet daily variation was used in obtaining some of the
results presented by LiLiey er «f. (1981a). In that paper the method was mentioned in
brief, and the present note now describes and discusses the principles and use of “ideal-
phase™ analysis of magnetic daily variations more fully.

2. Mode! of the Daily-Variation Source-Field

The magnetic quiet daily variation 1s observed around the earth to depend on season,
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longitudinal zone, geomagnetic latitude, geographic latitude, and local solar time
(MatsusHiTA, 1966). [ts main characteristics on a regional scale may be described by a
maodel in which the daily variation is taken to be a function of geographic latitude and
local solar time only. That is, a steady source current system is envisaged on the daytime
side of the earth, beneath which the earth rotates. Approximations to follow below will
be based on such a simple model, which also necessarily assumes an earth of radial sym-
metry in its electrical conductivity structure.

An implication of such a mode} is that the phases of all X, ¥, and Z components wili
then vary strictly with Jocal solar time, that is with longitude itself. In particuiar, there
should be an increasing lag in phase of 4 min of time per degree of westward longitude;
and indeed, array observations of magnetic daily variations commonly exhibit phase
patterns according to this rule.

A second implication of the modei is that amplitudes will be longitude-independent.
That is, all stations at a given latitude will observe the same magnetic variation signat: the
effects of the different station longitudes wili be restricted to the phase values only, leaving
the amplitude values longitude-free. In this sense the “ideal phase” model is also one of
“ideal amplitude™ behaviour.

3. The Ideal Phase Method

Under the assumption of ideal phase, (wo stations at different latitudes are then
sufficient in principie to give an estimate of ¢. The quiet daily magnetic variations at each
can be corrected in phase to the longitude of some arbitrary datum, (say that of a central
peoint), and the derivative 8X/dx in Eq. (1) estimated by the approximation

oX[exmAX]dx

where AX represents the difference in the (complex) X components of the two stations,
which are Ax apart in north geographic distance. The mean of the Y-values for the two
stations can be taken as Y, and the derivative 8 ¥/0y estimated by

EY[OvredY]Ay

where now the difference in ¥ over an eastwards distance Ay is appropriate to a4 phase
increase of 4 min of time per increasing degree of westwards longitude. The mean of the
Z-values at the two stations can be taken as Z, and then ¢ determined using Eg. ().

However, such an estimate of ¢ from just two stations may be vulnerable to the
effects of various perturbations, not only in the magnetic daily variation source ficld but
also particularly in the local geology departing from strict one-dimensionalily in iis
horizontal layering. It should therefore be an advantage to have measurements from an
array of stations; indeed in all cases it should be advantageous to have observations from
as many sites as possibie, to check on the one-dimensionality of the local geology and to
smooth out the effects of non-uniformities. Observations from an array of stations can
be analysed as in the following example,
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4. Example

The data for this example are taken from the 1976 magnetometer array study in
central Australia. Calculations are carried out with numbers of three and four digits but
this is not meant to imply that all the quoted digits are significant. The sites are shown in
Fig. 1, and the records analysed are the five continuous guiet days shown in Fig. 2. The
present example is for the 12 h component of the five quiet days, the values of which for the
different stations are listed in Table 1. Similar analyses have also been carried oul at the
other harmonic periods of 24 h, 8h, 6 h, and 4 h. In Table | the amplifude values are given
in units of nT-h, resulting from computing a direct Fourier transform of the five days of
record using Eq. (1) of LiLLey (1975b). Amplitudes of equivalent traditional Fourier
series coefficients in nT may be obtained by dividing the Fourier transform amplitudes by
60, (following LiLLEY, 1975b, Eq. 4). Phases quoted are relative to 1500 h 10 August 1976
U.T. and are “phase lags,” in the sense that a more positive phase value corresponds to
the shift of a waveform 1o a later real time,

Figure 3 shows the data of Table | corrected according to ideal phase to the datum
longitude of 136°E, and then plotted against latitude, For example, station Al on Table |
records X phase of 0.572 cycle at longitude 140°47'E. For an ideal phase model with lag
increasing 4 min of time per degree of westwards longitude, the correction to apply 1o a
phase recorded at a station of longitude 140°477E to reduce it to datum longitude 136°E is
+19.4 min of time. For the variation component of period 12 h, this correction changes
the observed phase of 0.572 cycle to 0.599 cycle, and the latter value has been plotted on
the X-phase graph of Fig. 3. The amplitude values of Table | have in Fig. 3 been plotted
directly as functions of latitude, consistent with the daily-variation model according to
which observed amplitudes are longitude-independent.

Straight lines have been fitted to the graphs of Fig. 3, using a standard “least
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Fig. 1. Observing sites of the 1976 central Australis magnetometer array.
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Fig. 3. The amplitude and phase data of Fable t reduced te longitude 136”E assuming ideal phase
and then plotted against latitude.
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squares” procedure. The variations of the different parameters with tatitude would not
necessarily be expected to be linear; however straight lines are a first approximation and
are basic to determining spatial derivatives, in the actual calculation of a ¢ value as now
follows.

4.1, Details of calculation

A central latitude of 24°30°S is chosen arbitrarily, and values of the X parameters
north and south of the central point (say at 24°S and 25°S) are determined, giving values
(call them Xy and X} a distance 111 km apart. From the lines on the X-graphs in Fig. 3
these values are

Xy ramplitude=180.9nT - h; phase=0.607 cycle
Xyamplitude =218.91T - h; phase =0.606 cycle

with dx=111km.

At 24°30°S, the lines on the Y-graphs in Fig. 3 give a Y-amplitude value of
653.6nT h and a phase value of 0.395 cycle (for longitude 136°E). On the basis of ideal
phase, the Y-phase 100 km west of this point would be 0.400 cycle. Hence, two values for
¥ are taken as

Y, ramplitude =653.6nT-h; phase=0.395 cycle
Yy :amplitude=653.6nT-h; phase=0.400 cycle

with Ay = [00km.
Also at 24°30°S, the lines on the Z-graphs in Fig. 3 give

Zamplitude =286.5nT -h ; phase=0.165 cycle.
The above values, put into Eq. {1) in the form
e=Z[[(Xn— XM Ax +(Yi— Yy} dy)
then give the resuli
Coom=305.8Km;  ¢pap=—152.0km .

The resolution of the method can be explored by carrying out similar calculations at
the ends of the lines shown in Fig. 3, say at 23°S and 26°8 latitudes. Table 2 summarizes c-

TFable 2. Values of the parameter ¢ obtained using the ideal phase method for the quiet days of
11-15 August 1976, The ¢ values are given as pairs of numbers, the first number being the real
part of ¢ and the second mumber being the imaginary part.

Period : 24h i2h 8h 6h 4h

Latitude of

central point:
238 7850, 2879 5523, —128.4 4040, —170.6 3376, —119.7 2843, —13838
247308 7162, ~7821 5058, ~152.0 4058, — 1457 3345 —1150 2420, —128.]
26°8 654.1, ~168.5 4302, —~151.7  408.7, —120.5 3368, —1188 1917, —1019
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values determined in this way, and also for the other harmonics of the data. Because the
straight lines of Fig. 3 may be poor representations of the latitudinal distributions at the
ends of the ranges shown, the 23°S and 26°S determinations may be inferior to the
24°30°S determination. However the 23°S and 26°S determinations give some indication
of the stability of the method to demonstrated changes in the parameters involved,

5. Conclusion

The basic characteristic of the quiet daily variation, that it rotates with apparent sun,
may be exploited in using observed daily-variation data to give estimates of earth
electrical conductivity via determinations of the response parameter ¢. While in principle
only two stations are needed to give an estimate of ¢, a whole array of stations greatiy
improves precisioxn.

In the example given, the “ideal phase” model has been used twice. In its first use, all
phase data recorded by a magnetometer array have been reduced o some datum
longitude, se that the phase and amplitude variations recorded over a two-dimentional
array may be examined as functions of one parameter (latitude) only, and plotted as
shown in Fig. 3.

The second use of ideal phase has been in the generation of Y-variation with
longitude, needed for computation of the ¢Y/&y term in Eq.(1).

The actual ¢-vatues listed in Table 2 form part of the results presented in LILLEY er af.
(1981a), and the interpretation of them is the subject of a companion paper by LILLEY ¢/
al. (1981b). '

The authors have benefitted from the encouragement and interest of A. L. Hales, A. E. Ringwoodd, and M.
W. McEthinny in the interpretation of magnetometer array data. The data of the 1976 array were oblained
during the tenure of an Australian National University post-graduate scholarship by ). V. Woods, whose
contribution in supplying Fig. 2 and the Fourier transforms upon which the calculations of this paper are based
15 acknowledged with (hanks.
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