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An applied magnetic field will perturb an elastic wave that is passing through an electrical 
conductor. Nonuniformity in the applied field introduces an extra dissipative effect that is 
not present for a uniform applied field. In this paper one case of the interaction of elastic 
wave motion with a nonuniform field is solved by means of series expansions in the two 
dimensionless perturbation parameters involved. The effect of the nonuniform field dominates 
the effect of the uniform field in regions where the local field strength is less than half of 
the change in field strength per wavelength. For seismic waves in the core of the earth, the 
effect would be most important for long-wavelength standing modes of free vibration. How- 
ever, taking accepted values for the conductivity and field strength in the core, the effect of 
the nonuniform field is found to be insignificant, as is the uniform field effect. 

INTRODUCTION 

The elementary principles of electromagnetic 
theory predict that an applied magnetic field 
will perturb an elastic wave that is passing 
through an electrical conductor, because the 
motion associated with the wave will give rise 
to induced fields and currents, and there will be 
some energy dissipated. The quantitative esti- 
mate of this perturbation followed from the 
generalization of AlfvSn's treatment of mag- 
netohydrodynamic waves to include mediums 
that were compressible and were of finite con- 
ductivity [Herlo/son, 1950; van de Hulst, 1951; 
Anderson, 1953; Ba2os, 1955]. 

The interaction of longitudinal wave motions 
with an applied magnetic field has interested 
geophysicists because this interaction must take 
place when seismic waves pass through the core 
of the earth where the electrical conductivity is 
high and the magnetic field, as predicted by 
dynamo theory, is strong. The question is 
whether the interaction will affect the seismic 

waves, or whether it is negligible. The problem is 
treated by Knopo# [1955], Ba•os [1956], 
Knopo# and MacDonald [1958], and Kraut 
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[1965]. These authors conclude that the effect 
is indeed insignificant, but it is important to 
note that their estimates of attenuation are 

based on theory for a uniform applied field. 
The magnetic field in the earth's core cannot, 

of course, be uniform everywhere, and it is the 
purpose of this paper to develop the theory for 
a particular case of the interaction of elastic 
wave motion with a nonuniform field to find 

the order of magnitude of the extra attenuation 
involved. A nonuniform field may be expected to 
introduce extra energy loss because, as the wave 
passes, the translation of the material will also 
induce currents in addition to the compression- 
expansion cycle that causes the energy loss in 
a uniform field. 

The problem is initially one in magnetoelas- 
ticity. A general nonuniform magnetic field is 
difficult to treat mathematically, and the few 
previous publications on wave motion in a 
nonuniform field have all assumed the more 
simple case of infinite conductivity [Gajewski 
and Winterberg, 1963, 1965; Uberoi, 1964; and 
Plato, 1964]. However, we must consider the 
conductivity to be finite for energy loss to occur 
at all. We treat the most simple case of a 
nonuniform field in rectangular Cartesian co- 
ordinates, and, having found the result for plane 
waves propagating in an infinite medium, we 
shall apply it to seismic waves in the earth's 
core. This paper does not take into account the 
possible extra energy loss close to the boundaries 
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of the medium, which has been shown in experi- 
ments by Lilley and Carmichael [1968] to be 
,appreciable under some conditions. 

STATEMENT OF •PRoBLE!V• 

We wish to investigate a special case of mag- 
netoelastic wave motion in a nonuniform ap- 
plied field B. which is of the form B. = • E. (z). 
We seek wave motion solutions for an infinite, 
plane, longitudinal wave that is traveling in 
the x direction, perpendicular to the applied 
field. This particular case has been chosen for 
the convenience of having all derivatives zero 
with respect to y and z. Because the motion 
associated with the wave is in the direction of 

increasing field strength and cuts across the 
field lines, the effect of the nonuniformity should 
be clearly evident. 

Equilibrium conditions. The magnetic field 
that has been specified imposes the condition 
that an equilibrium current density .10 must 
be present, 

Jo =-l(VxBo) = --•1 
tz tz dx 

where /z represents permeability and the dis- 
placement current is taken as zero. There will 
be a Lorentz force interaction L0 between this 

equilibrium current density and the magnetic 
field given by 

Lo = JoXBo = --•'BødBø 
lz dx 

Because the medium is elastic, strain will occur 
until this equilibrium Lorentz force is opposed 
exactly by the elastic restoring force at each 
point. Let us denote the resulting equilibrium 
displacement by U0 (x). 

The current density must have associated 
with it an electric field E0 such that for no motion 

J0 = • E0, where • is the electrical conductivity. 
From Maxwell's second equation we have the 
equilibrium condition that V x E0 = 0; hence, 

= o 

The condition that the problem be one dimen- 
sional with y and z derivatives zero therefore 
produces the constraint that dBo/dx = p where 
p is a constant, and the inhomogeneous field 
of our problem is restricted to one of uniform 
gradient. We write it as B0 = 2 (px q- B2) where 
B2 is the field strength at the origin, which, 
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without loss of generality, we can take to be 
zero. 

The equilibrium Lorentz force may now be 
expressed as 

Lo = 

and the resulting strain in the medium, e•(x), 
is given by 

ex(x) = 1 f 2 Lo dx 
pigEl 

-- plggl 2 •k'-• -[- constant 
where pl and O•1 are the density and primary 
elastic velocity of the medium before the ap- 
plication of the field. Since we are treating an 
infinite medium, we can arbitrarily choose the 
strain at the origin to be zero, and the constant 
vanishes from the last expression. If the density 
of the medium is now described by p(x), we have 

2 

p(x) 1- p•x Pl -- 2gplOtl 2 
to order (e•) 1 for small strains. 

The general form of this equilibrium condition, 
from the theory of elasticity, is 

-- 1'o = a•'VV ß Uo -- fV x V x Uo 

where 1'0 is the body force per unit mass and 
a and fi are the primary and secondary elastic 
velocities. For Lorentz body forces only, 
L0= pF0. 

Disturbance of equilibrium. The equations 
have the general form 

J = -1 (V xB) 

OB 
VxE = ---- 

Ot 

L=JxB 

J = a(rq-vxS) 

O2U 
Ot •' 

where v denotes particle velocity. 
We consider a small disturbance, such that 

departures from the equilibrium values are 
small, and adopt the following notation for the 
disturbed quantities: 
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Total magnetic induction 
Electric field 

Current density 
Lorentz force per unit, volume 
Particle displacement 
Body force per unit mass 

B=Bo+b 
E=Eo+e 
J:Jo+j 
L =Lo q-I 
U=Uo+u 
F =Fo+f 

The equilibrium equations subtract from the 
general set above to give the following set, 
which have been linearized by ignoring the 
products of small quantities: 

1 = ! [(v x So) x b + (V x b) x So] (2) 

--f = a•'VV.u -- fV xV xu 
0211 

j = a(e n u VXBo) (4) 

Upon taking the curl of this last equation, we 
obtain 

1__ V xV x b = 0b 

of Cartesian resolutes 

+ V x(v 

•2b•a• Obx/Ot = 0 

O b•, 
•b,,- o'• '•- = 0 

Obz 0 
v • - • •- = o-. • ½•o) 
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and, because, for Lorentz body forces only, ls -- 
pL, we have 

d•u• w • I d 
•. + -• u• (•o) = 0 (0) o• •zpc• •' dx 

The pair of coupled equations 5 and 6 must 
now be solved for us and b• to give the wave 
propagation. 

At this point, a note may be made regarding 
the linearization of (2) to (4) above, which re- 
quired that Bo > b. At the origin, where Bo is 
zero, this condition is not satisfied. However, 
the amplitude of b depends upon the amplitude 
of vibration, which may be taken as being 
arbitrarily small. Therefore the range of non- 
linearity is reduced to an arbitrarily small re- 
gion about the origin. Elsewhere the linearity 
approximation is valid. 

SOLUTION BY EXPANSION IN PERTURBATION 
SERIES 

Taking the case where the applied field is 
given by Bo = px, we wish to solve (5) and (6) 
for us and b,. We reduce the equations to dimen- 
sionless form and seek solutions that are series 

expansions in terms of the two perturbation 
parameters that become evident. 

Taking Umax as the greatest amplitude of par- 
ticle displacement that will occur at the origin, 
we define dimensionless variables 

The first two are simple diffusion equations, and 
thus bs and b, may be taken as zero, as they 
have no source terms to sustain them. Only the 
equation for b, has a source term and is coupled 
with the particle motion. Consequently, the 
disturbance magnetic field is always parallel to 
the applied field, and, like it, is a function of x 
alone. 

If we now introduce a time dependence of 
e -*•' for all perturbation quantities, the last 
equation may be written as 

d 2 bz 
dx 2 

d --iauwl bz + •xx (U•Bo) l (5) 

The x resolutes of (2) and (3) are 

l• = 1 d (b•Bo) 
I• dx 

-- f• = a • d•u.•.• dx •. 

u• bz 
u- b- 

Umax pUm• 

and now replace x by a dimensionless variable 
/j, where/j = (xw/a•). The density variation (1) 
may now be expressed 

p(•)/p• = 1 -- 

to order (l/q) •, where q is the number 

q = /-tplW2/p 2 

Equations 6 and 5 may be written 

where 

(7) 

d2 lid a• + u =- (•) +- (8) q • 
d i d2b 

• + • (u•) - • a• (o) 
s is the other perturbation number 

s = (•?.•/w). 
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The parameter s has a simple relationship 
with the ratio of the elastic wavelength k to the 
electromagnetic skin depth $, given by s -- 
(•/•) (XV•'). 

The parameter q gives a measure of the rela- 
tive size of the elastic phase velocity and the 
increase in Alfv•n velocity over a typical dis- 
rance. Thus q -- (a•2/V•2), where V• is the mag- 
netohydrodynamic wave velocity in a field 
strength of pX/2•-. 

In the case we are considering, the elastic 
wave is only slightly perturbed and the conduc- 
tivity is very high, so that both s and q are 
large. In part•_cular, in what follows, we assume 

1 •>1>1>•>1>_•... 
s q s sq q 

and seek solutions of the form 

U3 U4 u = Uo •- u__• •_ u_•? •_-5 •- -- -• '" (10) 
s q s sq 

b = b o q- b__• _1_ b_2_}_ b_$•. q_ b_4 _1_ ... (11) 
s q s sq 

These expressions are substituted into (8) and 
(9), and coefficients of similar powers in the 
perturbation quantities are equat. ed. The follow- 
ing set of simple differential equations is ob- 
tained, the members of which are solved con- 
secutively. 

Equating coefficients of unperturbed terms: 

(•'o/•' + Uo = o 

d 

•,o = - a-• (Uo•) 
of solution, taking the positively traveling wave, 

Uo = e it (12) 

bo = --(1 -}- i•)e •e (13) 

These solutions represent the limiting case of 
infinite conductivity with the magnetic field so 
weak that the elastic wave is not perturbed at 
all. The following terms represent the pertur- 
bation of this limiting case. 

Equating coefficients of 1/s: 

(a••/a• ') + u, = o 

d 2 bo 
2 
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of solution u• -- 0, b• -- (3i -- •)e •. 
Equating coefficients of l/q: 

d•u• d • 
W + u.o = •(•o)+ •uo 

d 

• = -•-• (u•) 
of solution 

U2 • i 3 5.i ) it 

Equating coefficients of l/d: 

(du•/a•" + u• = o 

• = i(a••/ae • 
of solution u• = 0, b• = (5 -• i•)e •. 

Equating coefficients of 1/sq: 

•j4• it 
•]e 

d 

(a•JW) + u4 = • 
d d sb•. 

of solution u,: [(U2) + i• • -- (•/6)]e '•, and 
so on. As would be expected, m and u• are zero, 
because the propagation of the elastic wave is 
not affected merely by the existence of finite 
electrical conductivity. 

Collecting the different terms in (10) and 
(11), we have the solutions 

u= •+• -• -Xe• 

+• +i•2•) e i• (14) 
with terms in the bracket to order 1/sq, and 

b= --1--i•+3i--• e 8 

with terms in the bracket to order 1/s, which 
includes all the terms we shall need in this 
paper. To the same respective orders of ac- 
curacy, the amplitudes of u and b are 

[u[=l s • • 2s• 6sq (16) 
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The physical interpretation of the different 
terms in (14) is facilitated by considering the 
unit wave number of uo in (12) to be perturbed 
by (k• + ik2), where both k• and k2 are small 
and real. We would then have 

i•+ik•--k• 
u -- e 

i 

---- e •(1 -]- ik• -- k•) 
to the first order of k• and k• within the pa- 
rentheses. On comparison, we see that the 
imaginary perturbation terms in (14) may be 
interpreted as a perturbation in wave number, 
given by 

k• - 8q 4q sq 
so that the phase velocity with magnetic field 
applied is, to the same order of accuracy, 

c•-a• 1 -- •qq -]- 4q 
Because the definition of • involves the wave 
number, there is thus a slight dispersion effect, 
the group velocity C being given by 

( 1 3• 2 2•q•) c=1 (lS) 4q 

Similarly the real perturbation terms in (14) 
may be interpreted as an attenuation factor 
given by 

3• 1 • 
8q 2sq 6sq 

to order 1/sq. 
It is interesting to examine these terms one 

by one. The first, which is dominant, does not 
represent attenuation through energy dissipa- 
tion because the finite conductivity, which con- 
trols dissipation, is not involved. Rather it 
represents energy transferred to the induced 
magnetic field. The next term 1/2sq is in fact an 
amplifying effect, and we shall see that, as far as 
energy flux is concerned, it is compensated by 
variation in the local group velocity of the wave. 
Both these terms have resulted from the pres- 
ence of the gradient in the applied field. The 
third term, which, as it occurs in (16), may be 
expressed 

•3 _Bo2(X)W2X 
6s q 6c• 

has its origin in the same mechanism that causes 
dissipation in a uniform field. It may be com- 
pared with Knopoff's attenuation factor for an 
applied field of strength B2, which, to the same 
order of accuracy, is 

Uo exp '---•--•--.• = Uo 1 -- 

At any particular value of x, the rate of attenua- 
tion, d u/dx is the same for both factors. 

Two waves, --e • and --i•e •, are present in 
(13) for bo, and the terms in b• may be inter- 
preted as being perturbations in the phase of 
each, due to the presence of finite conductivity. 
That is, to order 1/s within the bracket, (15) is 
represented by 

(i•--3i/s) i•--ils) b - --e -- iSe • 

ENERGY FLUX 

To estimate the dissipative effects of the 
applied field, it is necessary to consider the 
energy flux carried by the wave, that is, the 
energy density of the disturbance times the 
group velocity. Three types of energy are pres- 
ent, kinetic energy, potential energy stored in 
the elastic medium, and magnetic energy. The 
interflow of the wave energy between these 
different forms is complicated; however, if we 
consider separately the mean mechanical wave 
energy per unit volume «p v] 2 and the mean 
magnetic wave energy per unit volume (1/4) [b[ 2, 
we may make an estimate' of the energy flow 
by adding the flux due to each. 

Taking (7), (16), and (18) into account, the 
mechanical energy flux is 

Si(• ) ---' '•plOg 1 

(1 • • ß 1-- •q 2q sq •s's• (19) 
to order 1/sq within the parentheses. Using 
(17), the magnetic energy flux may be ex- 
pressed 

The total flux is therefore 

; 
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3 3• •3•) s(•) = «o•.•w•u• •• + Sq •q 
(21) 

The perturbation of the energy flux by the 
magnetic field is now evident within the pa- 
rentheses on the right-hand side of the last 
equation. The term 3/8q indicates that at the 
origin, where the applied field strength is zero, 
the wave carries more energy than a pure 
elastic wave of the same amplitude, owing to 
the presence of the field gradient. The term 
--(3•/sq) is the dissipative effect of the non- 
uniform field which we have been seeking, and 
it may be compared with the remaining term 
--(•8/3sq) noted above as being the term re- 
suting from the 'uniform field' effect. For a typi- 
cal value of • of unity, the gradient effect is an 
order of magnitude stronger than the uniform 
field effect. The gradient effect dominates over 
a region extending to 3/2• (roughly x/•) of a 
wavelength on either side of the origin. Outside 
this region, the uniform field effect is dominant. 

We also note that, since the region is non- 
uniform, some energy will in general be lost 
from the forward-traveling wave by reflection. 
Such loss will be taken into account by our 
method of solution and, if significant, will be 
evident as a decrease of the energy flux with 
distance. However, in the limit of infinite con- 
ductivity (s --• •), the total energy flux as 
expressed in (21) does not vary with •, thus 
in the present problem the energy reflected is 
less than the order of accuracy of (21). Be- 
cause negligible energy is reflected in the limit- 
ing case of infinite conductivity, terms that are 
present as a result of finite conductivity repre- 
sent energy dissipated, not energy reflected. The 
result that negligible energy is reflected is con- 
sistent with the condition on the problem that 
the elastic wave be only slightly perturbed. 

CONCLUSION 

The method of using series in the perturba- 
tion parameters s and q has provided direct 
solutions to an order of accuracy known im- 
mediately. The energy flux of the mechanical 
wave is seen in (19) to be reduced as the wave 
progresses by three factors: the transfer of 
energy to build up the perturbation magr•etic 
field, a dissipative effect due to the presence of 
the field gradient, and a dissipative effect arising 

from the 'uniform field' mechanism. Then in 

(20) some of the energy transferred from the 
mechanical wave to the magnetic wave is lost 
because of the diffusion possible in a material 
of finite conductivity. The dissipative effects due 
to the nonuniformity of the field are thus evi- 
dent. 

Finally, can we say anything more about 
seismic waves in the core? •Knopoff and •Kraut 
have shown that the effect of a uniform field on 

seismic waves in the core is negligible. The 
particular nonuniform field we have considered 
has a stronger effect than a uniform field within 
half a wavelength of the origin. The importance 
of the nonuniform field effect will therefore be 

most pronounced at long wavelengths, which in 
the seismic case arise from the free oscillations 

of the earth. However, the extremely small effect 
found by Kraut is not changed significantly by 
an increase of 1 order of magnitude, and the 
gradient effect found here for an infinite medium 
is negligible in the core of the earth. 
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